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Abstract

We study exhaustive prediction of an unknown categorical labeling on a known graph under
a self-directed learning model. The learner chooses an unseen vertex, predicts its label, and
then observes the truth; the realizable target has bounded total weight of edges whose endpoints
have different labels. The feasible class is equivalently a sublevel set of categorical graph
total variation. Our main geometric tool is an exchange theorem: relative to a minimum-cost
completion of any history, every feasible completion decomposes into independently reversible
blocks. These blocks generate feasible Boolean cubes and yield adaptive mistake lower bounds.
We then characterize how prediction changes as the number of available labels grows. A graph-
fragmentation parameter guarantees eventual stabilization of the minimax value and a single
palette-blind optimal policy schema, yet every palette can be the first stabilization point. Value
stability and policy stability behave strikingly differently: whenever two palette values agree,
optimal policies transfer perfectly; once they separate, there are unweighted instances where
every richer-palette optimum is suboptimal on the smaller class, with adjacent palettes admitting
arbitrarily large value gaps that every richer-palette optimum pays in full on the smaller class.
Restricting exploration to remain connected can also nearly double the optimal number of
mistakes. Finally, removing realizability replaces version-space geometry by Hamming geometry.
For every binary comparator class, deterministic regret is exactly its Chebyshev radius, so neither
feedback nor adaptive order improves on one fixed prediction word. With three labels, feedback
can instead provide a sharp factor-two advantage.

Keywords: self-directed learning; online graph prediction; bounded cuts; policy transfer; connected
exploration; agnostic regret; computational complexity.
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1 Introduction

Imagine labeling the regions of an aerial image as “forest”, “water”, “road”, or “building”. Before
each label is revealed, an automated assistant predicts it; a human reviewer then confirms or corrects
the prediction. But the assistant also chooses which unlabeled region to inspect next. Because
nearby regions often share a category, every revealed label does double duty: it informs both future
predictions and where to inspect next. Machine-assisted image and corpus annotation provide
familiar examples of this predict-review—correct workflow (Ringger et al., 2008; Andriluka et al.,
2018). Classical online learning assumes that examples arrive in an externally determined order; in
self-directed learning, the learner chooses that order itself. How much can this freedom reduce the
number of inevitable mistakes?

This paper isolates the exact finite combinatorial problem behind that question. The input
is a known, finite, simple, connected graph G = (V, E,w) with nonnegative edge weights and a
nonnegative cut budget . An unknown labeling y : V' — [g] satisfies

Caly) = Y wawl{y(u) # y(v)} <7,

wweFE

where Cg(y) is its cut cost. The primary model is unweighted, so this simply bounds the number of
bichromatic edges; every result requiring nonuniform weights is identified explicitly. For a palette of
size ¢ > 2, write [q] = {1,..., ¢} and define the hard bounded-cut class

HO(G) = {h:V = [q]: Calh) <7} (1)

We abbreviate this class to ng)_

Unlike ordinary online prediction, the learner controls which unlabeled vertex to predict next.
In each round a deterministic policy chooses an unqueried vertex x, predicts a label p € [g], observes
h(zx), and uses the entire history to choose its next action. Every vertex is eventually queried. If
M (A, h) is the number of mistakes made by policy A on target h, the free-order minimax value is

My(H9,G) :==min max M(A,h).
K A hen'?(@)

We also write Viee = M, Sd(?—[@ , G) when comparing protocols.

Why learner-chosen order matters. The simplest graph already separates learner-chosen from
externally controlled order. In the externally presented binary model of Cesa-Bianchi et al. (2009),
the class with exactly one bichromatic edge on an n-vertex path has deterministic minimax value
O(logn). In our at-most-one-cut class, which also contains the constant labelings, a self-directed
learner starts at an endpoint and walks consecutively along the path, always predicting the label
just revealed at the previous vertex. Only the initial prediction and the unique possible label change
can cause mistakes, and Corollary 2.10 shows that the value is exactly 2 for n > 2. Thus choosing
what to inspect next changes the combinatorics already on the simplest graph.

Even this simple formulation produces several sharp changes of behavior. The main geometric
tool behind the realizable results is an exchange principle: one minimum-cost completion and one
feasible completion can generate a Boolean cube of independently reversible alternatives. The
minimax value always eventually stabilizes as labels are added, and a budgeted graph-fragmentation
parameter controls when this must happen; yet every palette can be the first stabilization point.
Equality of two palette values forces optimal policies to transfer perfectly, while after a strict



increase there are instances on which every richer-palette optimum pays the entire increase on the
smaller class. Requiring exploration to remain connected can almost double the number of mistakes.
Without realizability, version-space geometry gives way to Hamming geometry: the optimal regret
for every binary comparator class is exactly its Chebyshev radius, whereas a third label can restore
a sharp factor-two advantage from feedback.
We next record the history and local-access definitions needed to state the results precisely.
After a partial history (Q,yg), where @ C V has been queried, the version space is

V(Q,yq) = {h € HI(G) : hlg = yo}-

We consider only histories with nonempty version space. A completion of (Q,yq) is any labeling
consistent with yg, whether or not it meets the budget. A minimum-cost completion minimizes Cg
among all such labelings. Realizability implies that every minimum-cost completion is feasible.

The maximization is formally over a fixed target h € ’H(f). For lower bounds we use the
equivalent realizable-adversary view: after each query, an adversary may return any label consistent
with at least one remaining target. As long as the version space stays nonempty, the complete
response sequence ultimately defines one target in nyq).

We also compare free exploration with two local restrictions. A policy is connected-prefiz if
its first query is arbitrary and every later query is adjacent to some previously queried vertex.
Equivalently, every realized queried prefix induces a connected subgraph; the next query need not be
adjacent to the previous one. It is neighbor-anchored connected-prefiz if, in addition, every noninitial
prediction must equal the revealed label of some previously queried neighbor of the current vertex.

Denote the corresponding initial minimax values by Veonn and Vanen. Then

varee < chonn < Vanch-

The first prediction is unrestricted in all three games. More generally, Viyee(H; G), Veonn(H; G), and
Vaneh (H; G) denote the three minimax values for an arbitrary target class H C [q]"; the argument
G records which adjacency restrictions are legal.

Main results

Two linked questions run through the realizable theory: what geometry forces mistakes, and, as
labels are added, when do the minimax values stabilize—and do their optimal policies stabilize with
them? We also quantify the cost of local exploration and ask what replaces version-space geometry
once realizability is removed. The following results form the conceptual core.

Exchange geometry: one pair of completions generates a cube. Our main geometric tool
begins at an arbitrary realizable history. Compare a minimum-cost completion A* with any feasible
completion g, and split their disagreement set into exchange blocks using the positive-weight edges
that are monochromatic in at least one of the two labelings. Theorem 2.5 shows that reverting
any collection of these blocks from ¢ to h* cannot increase the cut cost. The two completions
therefore provide much more than two alternatives: t exchange blocks generate all 2¢ vertices of
a feasible Boolean cube and force ¢ further mistakes. On a connected graph with positive edge
weights, Proposition 2.7 identifies the largest empty-history certificate with the maximum number
of components induced by a vertex set whose edge boundary fits the cut budget. The exchange
theorem thus connects low-cut geometry to the cube lower bounds used throughout the realizable
theory.



The palette eventually stops mattering, but not at a universal small palette. The values
are nondecreasing in ¢ and eventually stabilize. For a connected graph with positive edge weights,
the budgeted fragmentation number 3, (G) is the largest number of connected pieces obtainable by
deleting edges of total weight at most v. Writing b = 3,(G), every feasible target uses at most b

labels and M, Sd(?—[(yq), G) > b. Theorem 3.2 proves that the free-order and connected-prefix values
stabilize once g > b+ 1, while the neighbor-anchored value stabilizes already at ¢ > max{2,b}. In
each case, one conservative palette-blind equality-pattern policy schema is optimal throughout the
stable range. This is a universal mechanism, not a universal small threshold: for every gy > 2,
Theorem 3.5 constructs a connected simple unweighted instance whose first free-order stabilization
palette is exactly qg.

Value stability and policy stability separate sharply. If allowing more labels does not
change the minimax mistake bound, do optimal strategies transfer? For nested palettes r < s,
equality M. Sd(”H»(YT), G) =M, sd(Hgs), G) gives a rigid affirmative answer: every s-optimal policy has
optimal loss on the r-label subclass and can be legalized into an r-optimal policy. The opposite
behavior is possible as soon as the values separate. For every 2 < r < s, Theorem 4.6 gives a
connected simple unweighted instance with a one-mistake value increase on which every s-optimal
policy pays that extra mistake on r-label targets. For adjacent palettes and any D > 1, Theorem 4.1
makes the value gap D and forces every richer-palette optimum to pay the entire gap on the smaller
class. Theorem 4.2 further realizes a complete spectrum of lower-palette losses among policies that
are all optimal on the richer class. All results are analytic except one finite binary nonadjacent
case, certified by the exact exhaustive Bellman computation reproduced in Appendix B.4 and
independently reproducible from the archived source code (Zhou, 2026).

Connected exploration can almost double the cost. Theorem 5.2 constructs, for every
integer M > 2, a connected simple unweighted graph such that, simultaneously for every palette
q =2,

‘/}ree = M: ‘/conn = Vanch = 2M — 1.

The ratio approaches two. Consequently, if a universal multiplicative comparison with free play
exists for either local protocol, its constant cannot be smaller than two.

Without realizability, Hamming geometry takes over. When the revealed labeling is
arbitrary, the bounded-cut class serves only as a hindsight comparator. Regret is the learner’s
mistakes minus the fewest disagreements between the response labeling and a comparator. The
binary theorem no longer depends on graphs at all: for every nonempty H C {0,1}", Theorem 6.2
gives

RS (H) = rad(H),

where Rggt denotes optimal deterministic regret and rad is the Chebyshev radius in Hamming space.
An optimal learner can ignore both feedback and adaptive order, query in any order, and predict
one fixed Chebyshev-center word. A third label changes the answer immediately: Theorem 6.3 gives
a ternary two-vertex class with adaptive regret 1 while every fixed word has worst-case regret 2.
Thus feedback recovers the sharp factor-two advantage.

Supporting benchmarks and computational consequences. The structural theory yields
exact values for all three protocols on trees with positive edge weights and on unweighted complete
graphs, cycles, and edge—triangle cacti. It also gives a sharp factor-two comparison between the



exchange certificate and the exact tree value. Exact realizable evaluation is NP-hard already for
binary unweighted instances (Theorem 3.7). In the agnostic theory we also prove palette stabilization
and exact unweighted clique, path, and cycle formulas. Exact agnostic evaluation is NP-hard on
binary unweighted instances and, with positive integer weights, for every fixed palette (Corollary 6.9
and Theorem 6.10). All headline separation witnesses are connected, simple, and unweighted; every
result using nonuniform weights states that scope explicitly.

Relation to prior work

Hard cut budgets in sequential prediction. The closest prior sequential/minimax formulation
is due to Cesa-Bianchi et al. (2009). For a known unweighted tree 7" and 1 < K < |V, they define
a deterministic minimax value over binary labelings with between one and K bichromatic edges and
characterize it up to constant factors. Thus, apart from their formal exclusion of zero-cut labelings,
the structural promise is the binary specialization of (1). Their maximization also ranges over the
vertex-presentation order, whereas our learner chooses that order; this is the source of the path
separation highlighted above.

For trees with positive edge weights, Vitale et al. (2011) define (M) as the largest number
of edges having total weight at most M, precisely our v, (7T), and study binary prediction under
an unknown arbitrary order. A randomized feasible label assignment gives their £(M)/2 expected
lower bound, and SHAZOO has nearly matching tree-sensitive guarantees. With learner-chosen order,
our deterministic value is exactly {(y) + 1 for every palette and under both local protocols.

Cut-sensitive prediction under external order. In standard adversarial online prediction
the environment supplies the instance order (Cesa-Bianchi and Lugosi, 2006). Graph predictors
in this model commonly bound mistakes by properties of the realized cut rather than compute
the minimax value of a fixed cut sublevel. Binary Perceptron bounds use cutsize and resistance
diameter (Herbster and Pontil, 2006). The low-congestion-routing reduction of Fakcharoenphol and
Kijsirikul (2008) gives a congestion-times-cutsize bound for arbitrary label sets, with one added
initial prediction under our convention. For simple unweighted graphs, the charging argument of
Brautbar (2009, Lemma 2.3.2 and Theorem 2.3) implies that binary neighborhood majority makes
at most one plus the realized cutsize on a connected-prefix presentation. On K,,, the same rule
makes at most 2r + 1 mistakes when the minority class has size r, with a matching externally
ordered deterministic lower bound when n > 4r + 1; Theorem 2.12 gives the exact hard-budget
value for every n, budget, palette, and protocol.

For binary weighted graphs, random-spanning-tree methods give general lower bounds and,
under their connectivity and weighted-cut conditions, expected-mistake upper bounds matching up
to logarithmic factors in terms of the expected cutsize on the sampled tree (Cesa-Bianchi et al.,
2013). The zero-temperature Ising method matches the known tree bounds up to constant factors
and also gives per-cluster guarantees (Herbster et al., 2015). Restricting such realized-cut guarantees
to a cut sublevel gives uniform bounds, but not the exact learner-ordered decision-tree value studied
here.

Self-directed prediction on graphs. The finite-pool self-directed protocol was introduced for
binary relations by Goldman et al. (1993), developed as a general learning model by Goldman
and Sloan (1994), and given further binary combinatorial and general dimensional treatments by
Ben-David and Eiron (1998); Devulapalli and Hanneke (2024). Recent work also studies self-directed
linear classification (Diakonikolas et al., 2023). The closest work in the same generic graph protocol
is that of Sokolov et al. (2025). Their principal classes have convex or near-convex clusters rather



than a cut-cost budget, but their TRAVERSE algorithm uses the same basic neighbor-copying
traversal mechanism as our spanning-tree policy: it learns any multiclass labeling with at most
|0Cy| + 1 mistakes, where OC), consists of vertices incident to bichromatic edges. In our terminology,
TRAVERSE is neighbor-anchored connected-prefix. For an unweighted target in (1), its guarantee is
at most 2|v| + 1, whereas the sharper cut-edge accounting of our spanning-tree policy gives the
uniform bound 1 + min{|~v],|V| — 1}. We additionally optimize over the whole sublevel, obtain
exact values on several graph families, and isolate palette phenomena.

Label queries and other learner-chosen information. Active learning ordinarily charges
for labels that the learner requests and then uses to predict unqueried items (Cohn et al., 1994;
Dasgupta, 2005). Several graph label-query models use the same small-cut assumption or parameter
but charge for revealed labels rather than mistaken predictions. They include fixed-batch weighted-
cut guarantees (Guillory and Bilmes, 2009), constant-factor optimal query placement for binary
tree labelings with cutsize at most K (Cesa-Bianchi et al., 2010), and adaptive reconstruction
under additional balance or cut-component assumptions (Afshani et al., 2007; Dasarathy et al.,
2015). Mincut transduction instead selects a minimum-cut completion of a labeled subset (Blum
and Chawla, 2001). Other nearby protocols combine learner-chosen training labels with a later
externally ordered phase (Herbster et al., 2005), or reveal an initially unknown graph by letting the
environment supply a neighbor of a learner-chosen anchor (Cesa-Bianchi et al., 2011). In our game
every vertex is predicted before revelation, and the learner chooses the precise next vertex.

The bounded-cut class as hypothesis class and comparator. For the usual graph Laplacian
L, a binary {—1,1} encoding satisfies h' Lh = 4Cg(h), while the sum of the ¢ one-hot coordinate
energies is 2C¢(h). Hanneke (2006) bounds the cardinality of multiclass sublevels with at most ¢
bichromatic edges and derives transductive error bounds, also treating rationally weighted cuts. Lever
(2010) studies the binary class {h: hT Lh < ¢} directly and bounds its transductive Rademacher
complexity using resistance-metric cluster structure.

In the agnostic setting, Rakhlin and Sridharan (2015) use hard budgets on violated graph-label
constraints as comparator classes and derive semidefinite regret relaxations with evolving constraints.
Rakhlin and Sridharan (2017) use the multiclass one-hot Laplacian sublevel—exactly the same
categorical cut class after a factor-two reparameterization—as a comparator for randomized online
prediction, and Zhou et al. (2023) develop scalable implementations of related graph-kernel online
relaxations. Classical agnostic online learning also uses an externally supplied instance sequence
(Ben-David et al., 2009); our agnostic problem instead asks for exact deterministic regret when
the learner chooses the order. Our exact policy-transfer question likewise differs from online
model-selection oracle inequalities, which include model-dependent adaptation terms (Foster et al.,
2017).

Cut sublevels and graph energies. If the label at v is represented by the standard basis vector
Zy = €y(y), then
1

CG(Z/) = 5 Z wuvHZu - Z’UHI'

weE
Thus (1) is exactly a categorical restriction of a graph-total-variation sublevel; graph total variation
is widely used to model piecewise-constant signals on networks (Jung et al., 2019; Madrid Padilla
et al., 2018). If W = " . we, then

Caly) =W = > wuwl{y(u) = y(v)},

uwveE

7



so, up to the additive constant W, cut cost is the zero-field ferromagnetic Potts energy (Wu, 1982).
Its disagreement penalty is the uniform-metric pairwise term in metric labeling and a standard
pairwise term in graphical-model energies used in vision (Kleinberg and Tardos, 2002; Boykov and
Jolly, 2001; Boykov et al., 2001).

These identities relate the models, but energy minimization and prediction ask different questions.
Minimum-cut closure representations characterize all optima of a fixed s—t cut instance (Picard and
Queyranne, 1980); parametric maximum flow can certify part of a Potts optimum (Gridchyn and
Kolmogorov, 2013); and fusion moves optimize over labelings that choose, coordinatewise, between
two proposals (Lempitsky et al., 2010). Our learner must instead distinguish every labeling in a
fixed energy sublevel through an adaptive decision tree.

Section 2 develops minimax tools, geometric certificates, and exact graph families. Sections 3
and 4 separate palette values from optimal-policy transfer, and Section 5 exhibits a near-factor-two
separation for locally restricted policies. Section 6 develops the complementary agnostic theory,
followed by a brief conclusion and open problems.

2 Exchange and graph geometry

We begin with the recursion for the number of additional mistakes at a game state. For a finite
set X, a nonempty target class K C [¢]¥, and a set U C X of unqueried coordinates, let v(K,U)
denote the free-order minimax number of additional mistakes when the target is known to lie in
K and exactly the coordinates in U remain to be queried. When U = X, write simply v(K). For
x € U and a € [g], let

Ky—q :={h € K : h(z) = a}.

Then

Proposition 2.1. For U # @,

o(K,U) = ggg;reli@wggfﬁ(l{p #a} +v(Kp=a, U \ {2})),

with v(K, @) = 0. In particular,
M(H\P,G) = v(HI(G), V).

Proof. The learner first chooses (z,p). The realizable adversary may return exactly the labels a for
which K,—, is nonempty. The displayed term is the immediate loss plus the value of the resulting
subproblem. Induction on |U| proves the formula. O

We will repeatedly use two elementary families of target classes as lower-bound certificates.
A Boolean d-cube is a target class with the following product structure. Its nonfixed vertices

are partitioned into nonempty blocks Xi,..., X4. On each X; there are two distinct label patterns
uf, u}, and every one of the 2¢ independent choices (uj',..., ug?), with ¢; € {0,1}, occurs in the

class. Vertices outside these blocks, if any, have fixed labels. Thus a query in one block gives no
information about any other block. Its free-order minimax value is d: the realizable adversary can
defeat the first prediction that distinguishes each unresolved block, while one distinguishing query
per block gives the matching upper bound.

A punctured Boolean d-cube, for d > 1, is obtained by deleting one corner of a full Boolean
d-cube; its value is d — 1. To see this, encode the deleted corner by 0¢ and query one distinguishing
coordinate per block, predicting its bit-1 pattern until a response confirms that choice. Either a



prediction is correct, leaving at most d — 1 mistakes in total, or the first d — 1 responses are bit
0, forcing the last bit to be 1. Conversely, fixing one bit to 1 leaves a full (d — 1)-cube. These
elementary classes will be used repeatedly as mistake lower-bound certificates.

We will also use Hamming balls. For integers 0 < h < d, a binary Hamming ball of radius A in
d coordinates has value h: predicting the center coordinatewise gives the upper bound, while the
realizable adversary can oppose the learner’s first h predictions for the lower bound.

Next we establish a law of exact additivity for genuinely independent factors.

Lemma 2.2. Let Xi,...,X; be pairwise disjoint, let K; C [q]X" be nonempty, and let U; C X;.
Writing

t
HK- = {h € [qUi% : h|x, € K; for every i},
i=1

we have
t

t t
i=1 i=1 i=1
Queries may be interleaved arbitrarily among the factors.

Proof. Running optimal policies for the factors sequentially gives the upper bound.
For the reverse inequality, induct on ), |U;|, with the empty case immediate. Suppose the
learner’s first query x lies in U;. After response a,

(H Kz) - (Kj)r:a X HK“
i=1 r=a

i#]
while the remaining coordinate set in factor j is U; \ {z}. By the induction hypothesis, the
continuation value is
V((Kj)a=a, Uj \ {z}) + ZU(Ki, Ui).
i#]
For the chosen query and prediction, the Bellman recursion supplies a response whose immediate
loss plus the first term is at least v(K;,U;). Hence every first action has value at least

ZU(Kian)a

=1
which proves the lower bound. O
The product hypothesis is literal: the lemma applies when the target class itself factors as
I, K;. Graph modules sharing a single cut budget generally admit additional mixed targets, so
later constructions invoking product subclasses verify separately that those subclasses lie within the

pooled budget.
We also consider shared policies across nested palettes. Identify [r] with a subset of [s] whenever

2 <r <s. Then ’HST)(G) - H%S)(G). For any graph and budget, write
mq(G,7y) = Msd(’H,(YQ),G).
When G and v are fixed, abbreviate this quantity to m,. For an s-label policy A, put

Ly(A)= max M(A,h), Opty, = {A: Ls(A) = ms}.
heH{ (@)



Here L,(A) means that the s-palette decision tree is run on the nested r-label target subclass; its
predictions are still names in [s]. This convention measures literal policy transfer. A policy is
simultaneously minimaz for r and s, in this nested-class sense, if L,(A) = m, and Lg(A) = ms.

Definition 2.3. The best- and worst-choice downward transfer overheads are

Ars= Aglci)gts (LT(A) - mr), Al = Alélggis (LT(A) - mr)'

Thus A~ = 0 precisely when a simultaneous optimum exists.

For completeness, every such transferred decision tree has a legal r-palette implementation.
Run A internally, feed it each actual response, and whenever it predicts outside [r], replace that
prediction by a fixed name in [r]. Call the resulting policy A*". Its queries are exactly those of A,
and an out-of-range prediction was certainly wrong, so

M(AY, h) < M(A,h) for every h € H{)(G). .

The unchanged queries preserve connected-prefix legality. In neighbor-anchored play, an out-of-range
prediction can occur only on the unrestricted first round: every later legal prediction is a revealed
neighbor label and hence belongs to [r]. Replacing that first prediction therefore preserves neighbor
anchoring as well.

It follows that m, < L,(A) for every s-label policy A. Target-class inclusion also gives L,(A) <
Ls(A). Applying these observations to A € Opt, gives

my < meg, 0< A, <AL <mg—m,. (3)

In particular, if m, = mg, every s-optimal policy has optimal loss on the r-label subclass, and its
legalization A% is an optimal legal r-palette policy. A map of label names can only merge label
classes, so

Ca(poh) < Cq(h)

for every map ¢; this elementary coarsening fact will be used repeatedly.

2.1 Exchange geometry and certificates

Definition 2.4. Fix a realizable partial history (@, y¢g), a minimum-cost completion h*, and another
arbitrary completion g. Let

D(h*,g) = {v: h*(v) # g(v)}.

On this vertex set, retain a positive-weight edge uv exactly when it is monochromatic in A* or in g.
The connected components of the retained graph are the exchange blocks of the pair (h*,g). The
definition is pair-specific: different feasible completions can induce different blocks.

For binary labels with fixed opposite terminals, minimum-cost completions reduce to minimum
cuts, whose classical lattice structure is described by Picard and Queyranne (1980). For multiclass
label spaces, the coordinatewise two-proposal space is the fusion space used in graphical-model
optimization (Lempitsky et al., 2010). Our exchange statement has different quantifiers: one
labeling is a minimum-cost completion, the other may be any completion of the same history, and
all blockwise partial reversions are controlled simultaneously.

10



Theorem 2.5. Let G be a finite graph with nonnegative real edge weights, and fix the target class
{h: Cq(h) <~}. At any realizable history p, let h* minimize Cg among all completions of p, and
let g be any other completion of the same history. Let By, ..., By be the exchange blocks of (h*, g).
For I C [t], let hy use g on |J;c; Bi and use h* elsewhere. Then

ICJ = Cg(hy) <Cg(hy).

Consequently, if g is feasible, every hr is feasible. If g is also a minimum-cost completion, all 2t
partial reversions are minimum-cost completions.

Proof. Because h* and g complete the same history, their disagreement set is disjoint from the
queried vertices, so every h is a completion. Put F'(I) = Cg(hy). Each graph edge meets at most
two blocks, thus

FI)=F(@)+Y ai+ Y by
il {i,j}CI
Minimality of h* gives a; = F({i}) — F(@) > 0.
Only edges joining B; and B; contribute to b;;. Orient one such positive-weight edge uv with
u € B; and v € Bj. The edge was not retained, so it is bichromatic in both completion labelings.
Its costs when neither block, only B;, only Bj, or both blocks use g are

Wyy,  Wuyl{g(u) # A" (v)},  wuL{h"(u) # g(v)}, Wy,

respectively. Its contribution to b;; is consequently

wau (2 = Lg(u) # B (v)} — 1{h*(u) # g(v)}) = 0.
Zero-weight edges contribute nothing. Hence every coefficient in the increment
F(IU{i}) = F(I)=a; + Y _ by
J€elI
is nonnegative. This proves monotonicity.

If g is feasible, every partial reversion has cost at most Cg(g) < ~. If g is also a minimum-cost
completion, then

For every I C [t], monotonicity gives
F(o) < F(I) < F([t),
so equality holds throughout. Hence every h; is a minimum-cost completion. O

Remark. Unary data terms do not change the exchange argument. Consider the Potts objective
with unary potentials (Lempitsky et al., 2010)

®(h) =Y 6,(h(v)) + Ca(h),
veV

where the 0, are arbitrary real unary potentials. If A* minimizes ® among completions of the history
and feasibility is defined by a sublevel of ®, the same blockwise monotonicity holds: the unary
potentials modify only the linear coefficients a;, which remain nonnegative by minimality, while
the interblock coefficients b;; are unchanged. Thus the exchange theorem and its Boolean-cube
certificate extend beyond the zero-unary Potts model. The later palette, transfer, and locality
results, however, concern the cut-budget class (1) and do not automatically extend to general
®-sublevels.
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Corollary 2.6. If h* is a minimum-cost completion and g a feasible completion at history p, and
the pair has t exchange blocks, then the residual version space contains a full Boolean t-cube of
free-order value t. Consequently, the full residual game has value at least t under each of the three
protocols.

Proof. Theorem 2.5 supplies all 2 mixed labelings obtained by choosing, independently on each
exchange block, either the h*-pattern or the g-pattern. Coordinate i is precisely this binary choice
on B;; its two patterns disagree at every vertex of the nonempty block. The first query in each
unresolved block can therefore be answered using the pattern whose label differs from the learner’s
prediction, and choices on distinct blocks remain independent. This forces one mistake per block.
Conversely, one representative query from each block identifies its pattern, so the subclass has value
exactly t. O

On a connected graph with positive edge weights, the empty-history exchange certificate has a
simple graph-theoretic interpretation. For F' C E, write w(F) = ) . we, and for any graph H, let
¢(H) denote its number of connected components. For D C V| let

(D) ={uweFE:ueD,v¢ D}

denote its edge boundary. A labeling that differs from a constant labeling precisely on D spends at
least w(d(D)) of the cut budget, while each component of the induced subgraph G[D] contributes
one exchange block. The binary labeling used below spends exactly this amount.

Proposition 2.7. Let G be connected with positive edge weights, and let & be the largest number
of exchange blocks over all pairs (h*,g) in which h* is an empty-history minimum-cost completion
and g is feasible. For every palette size q > 2,

f= max, c(GID). @
w(d(D))<~y

Thus & is palette-independent and &y < Msd(HE,q) G).

Proof. On a connected positive-weight graph, the empty-history minimum-cost completions are
exactly the constant labelings. Fix the constant label a. If g is feasible and D = {v : g(v) # a},
every edge of G[D] is retained because it is monochromatic in h*. Hence the exchange blocks are
the components of G[D]. Every edge of §(D) is bichromatic under g, so its total weight is at most ~.
This proves the upper bound. Conversely, give a displayed set D a second constant label b ## a and
give its complement label a. The resulting binary labeling has cost exactly w(§(D)) and produces
¢(G[D]) exchange blocks. O

The root formula makes clear both the usefulness and the limitation of the certificate. In
the binary-saturated regime it becomes a familiar graph parameter. Write MaxCut,,(G) for the
maximum total weight of a cut in G, and «o(G) for the largest size of an independent vertex set.

Corollary 2.8. Let G be connected with positive edge weights. If v > MaxCut,,(G), then for every
q=2,
Msd(H’(yq)a G) = ’V(G)’a §0 = OC(G),

where a(QG) is the independence number. In particular, on K, the root certificate is 1 while the
minimax value is n.
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Proof. Every binary labeling is feasible, so the class contains the full Boolean n-cube. The mistake
bound is n for all policies. In (4), every set D is admissible. Selecting one vertex from each
component of G[D] gives an independent set, whereas a maximum independent set induces one
singleton component per vertex. Hence the maximum is «(G). For K, this equals one. O

The underlying identity
max c(G[D]) = a(Q)
DCV

is classical (Tittmann et al., 2011); here it identifies the root exchange certificate exactly.

2.2 Exact benchmarks on elementary graph families

A rooted-tree traversal gives a simple policy with an exact geometric accounting: predict the
root arbitrarily, and thereafter predict the observed label of a vertex’s parent. Each noninitial
mistake identifies a distinct bichromatic tree edge; the policy is neighbor-anchored connected-prefix.
Optimizing the tree produces a general upper bound.

For a spanning tree T' of a graph with positive edge weights, define

vy(T) = max{|F|: F € E(T), w(F) <}, Utree(G,7) = 1+ YIPC% vy(T).
T a spanning tree

Proposition 2.9. For every connected graph with positive edge weights and every q > 2,
Msd(/Hg/q), G) < chonn < Vanch < Utree(G)’Y)'

A spanning tree attaining the minimum is produced by Kruskal’s algorithm with edges considered in
decreasing order of weight.

Proof. Root T', query each child after its parent, and copy the parent’s observed label. The policy
is neighbor-anchored connected-prefix. Apart from a possible root mistake, its mistakes correspond
to a set of bichromatic edges of T' having total weight at most +, so there are at most 1 + v (T') of
them.

For each threshold A, descending Kruskal selects a maximal forest in the subgraph formed by
edges of weight at least A, and hence includes as many such edges as any spanning tree can. This is
equivalent to coordinatewise dominance of the sorted tree-weight vector. Consequently, for every j
the resulting tree maximizes the sum of its j lightest edges, minimizing the largest number of tree
edges that can fit under the budget. O

Corollary 2.10. Let T be a finite tree with positive edge weights. For every palette g > 2,
Moa(HD, T) = Veorn (M5 T) = Vanen(HS; T) = (T) + 1.
For an unweighted tree the value is
min{|V(T)|, [v] +1}.

Proof. Proposition 2.9 gives the upper bound. If F' attains v, (7T'), deleting it leaves v, (T") + 1
components. Assign binary labels independently to these components. Every resulting target cuts
only edges of F', so the class contains a full cube of the stated dimension, supplying the lower
bound. O

13



In contrast to the factor-n separation possible on general graphs, the root exchange certificate is
always at least half the tree value, and this bound is sharp.

Corollary 2.11. For every finite tree T with positive edge weights and every palette g > 2,

{Msd(%(f’, T)
2

—‘ S fo S max{l,Msd(HgQ),T) - 1} S Msd(H'(yq)aT)'

The factor two is sharp: for every integer a > 1, the unweighted path Ps, with budget 2a — 1 satisfies
So=a,  My(H\?, Py) = 2a.

Proof. Let F attain v (T). Then T'— F has v, (T) + 1 = Msd(’ng),T) components. Contracting
these components gives a tree. Take the larger side of its bipartition and let D be the union of the
corresponding components of T'— F'. Since every quotient edge crosses the bipartition, 7 (D) = F,
while the selected components remain distinct components of T'[D]. Hence

» (9)
o(T[D]) > [”(TQ) “W = {Ms‘i(? ’TW :

and Proposition 2.7 gives the lower bound.

For the upper bound, let @ # D C V(T') be admissible in the root formula. Since 7" is connected,
every component of T'[D] has an incident edge in d7(D), and distinct components require distinct
boundary edges. Therefore

A(TID)) < [57(D)] < v4(T) = Mya(HD,T) 1,

where the second inequality follows from w(d7(D)) < «. The remaining choice D = V(T') contributes
one component, proving the upper bound.
Finally, at budget 2a — 1 on P», every edge may be deleted, so

Ma(HD, Py,) = 2a.
At this saturated budget every vertex set is admissible in the root formula, and hence
o = mgx c(Pyy[D]) = a(Pyy) = a.

Thus the factor two is attained. O
Theorem 2.12. Let K,, be the unweighted complete graph on n > 1 vertices, let v > 0, and define
t:max{jEZ:()gjg {gJ ,j(n—j)gv}.

For every palette size ¢ > 2,
Ma(HS, Kn) = Veonn (M5 Kn) = Vanen(HS?; K) = min{n, 2¢ + 1}.

In particular, all three values are independent of the palette size.
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Proof. First suppose that ¢ < |[n/2]. By maximality,

n2

y<({t+1)(n—-t—1)< T
Every feasible labeling has a unique majority label. Indeed, if its label classes have sizes aq, ao, . . .,
all at most n/2, then

and hence

a contradiction. If the majority class has size n — r, then r < n/2 and the edges between that class
and all remaining vertices already contribute r(n — r) to the cut. Since r — r(n — r) is increasing
on [0,n/2], feasibility implies r < ¢.

For the upper bound, query the vertices in any fixed order. Predict an arbitrary label on the
first round and thereafter predict a label of maximum frequency among the responses observed so
far, using deterministic tie breaking. This current plurality need not be the final majority. At most
r < t mistakes occur outside the final majority class. Now consider a mistake on the jth occurrence
of the final majority label. For j = 1, certainly j <t + 1. For j > 2, the predicted current plurality
has already appeared at least j — 1 times, because the final majority has appeared j — 1 times. That
predicted label is not the final majority and therefore appears at most r < ¢ times in the entire
target. Thus j — 1 < t, so only the first £ + 1 majority occurrences can be mispredicted. The total
loss is at most 2t + 1.

On a complete graph every fixed query order has connected prefixes, and every observed label is
available at every subsequent vertex. The policy is therefore neighbor-anchored connected-prefix,
giving

Msd(%»(yq)aKn) < V::onn(,H»(yq); Kn) < Vanch(%f(yq); Kn) <2t+1.

For the matching lower bound, put d = 2t + 1 < n. Against an arbitrary free-order learner,
answer the first d queries using only labels 1 and 2: answer 2 when the prediction is 1, and answer 1
otherwise. Every answer is wrong, including when the learner predicts outside {1,2}. Because d is
odd, one response label occurs at most ¢ times. Complete every unqueried vertex with the other
label. If the minority class has size s < t, the resulting binary target has cut cost

s(n—s)<tn—t) <.

Thus even unrestricted play incurs at least 2¢ + 1 mistakes, proving equality in all three games.
Finally, suppose that t = [n/2]. Every binary labeling cuts at most t(n —t) < v edges, so the

feasible class contains the full Boolean n-cube. It forces n mistakes even in the free-order game,

while no policy can make more than n mistakes. Hence all three values equal n = min{n,2t+1}. O

Complete graphs are the dense counterpart to trees. Despite their very different geometry, both
exact values are independent of palette size, whereas cycles provide the first natural palette-sensitive
benchmark.

Lemma 2.13. For every r > 3 and q > 3, against any prediction policy on C, an adaptive adversary
can contradict every prediction and complete the responses to a q-label labeling with a monochromatic
edge; equivalently, with at most r — 1 bichromatic edges.

15



Proof. Give the first queried vertex a label a different from the prediction. At the second queried
vertex, copy a if it is adjacent to the first vertex and a was not predicted; this immediately creates
a monochromatic edge. Otherwise choose a label b different from both a and the prediction.

If no monochromatic edge has yet been created, choose an arc P between the two queried vertices
with at least one internal vertex. Such an arc exists even when the queried vertices are adjacent.
Its endpoints have distinct labels and all its internal vertices are unqueried. We maintain these
properties until a monochromatic edge is produced.

A query that does not lie on P can be answered arbitrarily but incorrectly and will leave
P unchanged. Now suppose a vertex of P is queried. If P has only one internal vertex, assign
that vertex one of the two endpoint labels a or b different from the prediction; this creates a
monochromatic edge.

Otherwise, if the queried vertex is adjacent to an endpoint of P, copy that endpoint’s label
unless it was predicted. If it was predicted, use a third label distinct from both endpoint labels
and retain the subpath from the queried vertex to the opposite endpoint. In either case, either
a monochromatic edge is created or the retained path has distinct labeled endpoints and fewer
internal vertices.

Finally, suppose the queried vertex is an internal vertex of P and is nonadjacent to either
endpoint. Answer with any label different from the prediction. The query splits P into two subpaths.
Since the original endpoint labels are distinct, the new label cannot equal both of them; hence at
least one subpath has endpoints with distinct labels. Retain such a subpath.

Thus whenever a vertex of the retained path is queried without producing a monochromatic
edge, the number of its unqueried internal vertices strictly decreases. Since every vertex is eventually
queried, a monochromatic edge must be produced. Thereafter answer every remaining query
incorrectly; the already monochromatic edge persists. ]

Theorem 2.14. Let C,, be the unweighted cycle on n > 3 vertices, let v > 0 be an integer, and let
q > 2. Then all three protocols have the common value

min{n,2min{|2|,[2|} +1}, ¢=2,
Ma(H\P,Cr) = {1, q>3andy <1,
min{n,y + 1}, q>3and~y>2.

Proof. A binary labeling of a cycle has an even number of bichromatic edges, and every even count
through 2|n/2| occurs. With at least three labels, the attainable counts are

{0,2,3,...,n}.

Indeed, for 2 < ¢ < n, partition the cycle into ¢ nonempty consecutive runs and assign labels to
the runs so that adjacent runs receive different labels; three labels suffice for ¢ > 3, while ¢ = 2 is
immediate.

If ¢ > 3 and v < 1, the attainable-count description shows that every feasible labeling is constant.
Query in cyclic order, predict arbitrarily on the first round, and thereafter copy the predecessor’s
revealed label. This neighbor-anchored connected-prefix policy makes at most one mistake. In every
other case, query in cyclic order using a neighbor-anchored connected-prefix policy. Apart from the
first query, a mistake can occur only when the traversed edge is bichromatic. The policy therefore
makes at most min{n,y + 1} mistakes. For ¢ = 2, the number of bichromatic cycle edges is even
and at most 2|n/2|, so the same traversal makes at most

min{1 + 2min{|v/2], [n/2]}, n}.
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For the lower bound, first suppose ¢ > 3. If v < 1, a constant target forces one mistake. If
2 < v < n, partition the cycle into v 4+ 1 nonempty consecutive blocks and assign each block its
label when the learner first queries a vertex in it. Apply Lemma 2.13 to the quotient cycle C, 4.
The first query in every block is answered incorrectly, while the resulting monochromatic quotient
edge ensures that at most v boundaries between blocks are bichromatic. Thus the completed target
is feasible and forces v + 1 mistakes. If v > n, every labeling is feasible and the realizable adversary
can force n mistakes.

Now suppose ¢ = 2, and put

e amin 3] [3]} <

If ¢ = 0, a constant target gives the lower bound, while if ¢ = n the full Boolean n-cube is feasible
and forces n mistakes. Otherwise partition the cycle into ¢ + 1 nonempty consecutive blocks. The
realizable adversary can contradict the first prediction in each block. Every binary labeling of
the odd quotient cycle has a monochromatic edge, so at most ¢ boundaries between blocks are
bichromatic. The resulting target is therefore feasible and forces ¢ + 1 mistakes. O

A blockwise traversal is also exactly optimal on a natural class extending trees by allowing
triangular blocks.

Theorem 2.15. Let G be a connected unweighted cactus in which every cycle is a triangle. Let by
and bs be the numbers of bridges and triangles, respectively. For every real budget v > 0 and every
palette size q > 2, all three protocols have the common value

Mog(HD, G) = 1+ max{i+2j :4,j € Lo, i by, j <bs, i +2j <7},

Moreover, one palette-blind neighbor-anchored connected-prefix policy is optimal for every g > 2 and
every .

Proof. Root G at r and orient its block structure away from r. Every bridge or triangle then meets
the part already closer to the root in a unique vertex, which we call its attachment vertex.

Consider the following traversal. Query r first and then process the blocks outward from r.
At a bridge, query its new vertex and predict the observed label of its attachment. At a triangle,
query its two new vertices, predicting the attachment label at both. Process a block only after its
attachment has been queried. This policy is palette-blind, neighbor-anchored connected-prefix.

Fix a feasible target. Let 7 be the number of bridges whose new vertex differs from its attachment,
and let 7 be the number of triangles in which at least one new vertex differs from the attachment.
The traversal makes at most

14425

mistakes: at most one initially, one in each of the i bridges, and two in each of the j triangles. Each
such bridge contributes one bichromatic edge. Each such triangle is nonconstant and therefore has
at least two bichromatic edges. Since distinct blocks have disjoint edge sets,

i+2j < Ca(h) < 7.

Thus
Moa(H9,G) < 14 max{i+2j:i,j € Zso, i < b, j < b, i+2j <7},

For the reverse inequality, choose ¢ bridges and j triangles attaining the displayed maximum.
We construct a Boolean cube of dimension 1 + 4 4 2j contained in nyq), using only two labels.
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Choose the label of r freely between the two labels and propagate labels outward through the
rooted cactus. Across every unchosen bridge, copy the attachment label to its new vertex; across
every unchosen triangle, copy the attachment label to both new vertices. At each of the ¢ chosen
bridges, let the new vertex independently choose either binary label. At each of the j chosen
triangles, let each of its two new vertices make this choice independently. Assign each vertex to
the most recent independently labeled vertex on its outward block-tree route from r; in a selected
triangle, the two new vertices begin two separate regions. These 1 + ¢ + 2j regions are nonempty,
pairwise disjoint, and cover V, and every vertex in a region copies its root coordinate. Hence a
query reveals only that region’s bit, while every binary assignment to the region bits is realized.

These choices give 1 4+ ¢ 4+ 2j independent Boolean coordinates. An unchosen block contributes
no bichromatic edge. A chosen bridge contributes at most one, and a chosen triangle contributes at
most two. Hence every labeling in the cube satisfies

Ca(h) <i+2j<n.

The feasible class therefore contains a full Boolean (1 4 ¢ + 2j)-cube, which forces at least 1+ i + 25
mistakes even for the unrestricted learner.

Since the same traversal was used independently of ¢ and ~, it is simultaneously optimal for
every palette and budget, and gives the same mistake bound for all three self-directed learning
protocols. O

3 Palette saturation

The palette affects both the feasible target class and the shape of the game tree. Nevertheless, a
target that can use only a bounded number of distinct labels cannot distinguish indefinitely many
label names. We first turn this observation into a graph-independent lifting theorem, then identify
the graph parameter that controls it for bounded-cut classes. Later constructions show that this
eventual guarantee need not be the first point of stabilization.

For a labeling h of a finite set X, its equality partition is the partition of X into the nonempty
fibers h=1(a). If IT is a family of partitions of X, let

K, () = {h € [¢]"* : the equality partition of & lies in IT}.

An equality-pattern policy schema is a deterministic rule whose abstract state records the ordered
queried vertices, the partition of revealed responses into blocks ordered by first appearance, and, for
each earlier prediction, which response block then present it named, or that it requested a fresh
name, together with whether that prediction was correct. An unsuccessful fresh prediction is not
given a persistent name. The next abstract action chooses an unqueried vertex and predicts either
a current response block or a fresh one. On [g], a block action uses that block’s concrete label,
while a fresh action uses the first label not yet seen as a response in a fixed canonical order; it is
allowed only while such a label exists. At the empty history this chooses a fixed canonical first
name. The abstract rule is invariant under simultaneous renaming, although literal equivariance of
a deterministic concrete prediction at the empty history is impossible. A schema is conservative if,
after the first round, it predicts only a label that has appeared as a response, and palette-blind if its
abstract rule does not depend on the palette size. The optimal stabilization schemas constructed
below have both properties.

The next theorem strengthens ordinary palette stabilization by preserving both local access
protocols.
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Theorem 3.1. Let G be a connected graph on X, and let 11 be a nonempty family of partitions of
X, each with at most r blocks, where r > 2. Let s > r.

For every r-label free-order or connected-prefix policy A for K,(I1), there is one canonical policy
schema le\, runnable over every palette at least r, which obeys the same access restriction and satisfies

max M(g, h) < max M(A,h), (5)
he K (IT) he K (IT)

max M(A,h) < max M(A,h)+ 1. (6)
he K (IT) he K- (II)

Thus, for either protocol, the two corresponding minimax values differ by at most one. If the
difference is one, a canonical schema is optimal at both palettes. If the values are equal, every
upper-palette optimum has optimal loss on the nested lower-palette subclass, and its downward
legalization is a legal lower-palette optimum.

If A is conservative, the additive one in (6) disappears. In particular, neighbor-anchored
connected-prefix values satisfy

Vanch(Ks(H); G) = Vanch(Kr(H); G) (5 > T‘), (7)
and one neighbor-anchored schema is optimal for every palette in this tail.

Proof. Simulate A while maintaining an injection from physical labels already observed to virtual
labels in [r]. Feed the virtual history to A and make its query. If the virtual prediction already
has a physical representative, predict that representative. Otherwise predict a canonically chosen
unused physical name, choosing one in [r] whenever possible.

An old physical response is translated through the current injection. A fresh response equal to
the physical prediction receives the predicted virtual name. For a different fresh response, assign the
canonically first unused virtual name different from the virtual prediction, whenever one exists. This
includes the case of only one unused virtual name when the prediction is an old name. The physical
and virtual mistake indicators then agree. There is only one exceptional configuration: the virtual
prediction is the sole unused virtual name and a different fresh physical response arrives. It must be
assigned the predicted virtual name, producing one physical mistake without a virtual mistake. This
cannot recur, because all r virtual names have then appeared and a target partition has at most r
blocks. On a genuine r-label target it cannot occur at all: after » — 1 physical labels have appeared,
exactly one physical name remains unused, and the simulation predicts that name. The injection
extends to every completion because its equality partition has at most r blocks; relabeling preserves
membership in II. Thus every simulated history is realizable in K, (II), and the loss guarantee
of A applies. This proves (5) and (6). The virtual history and injection are reconstructed from
the abstract response blocks and prediction outcomes, so the construction is indeed one canonical
schema.

The simulation makes exactly the queries chosen by A, so connected-prefix legality is preserved.
If A is conservative, its noninitial prediction is already represented, while at the initial round at
least two virtual names are unused. The exceptional case is therefore impossible and losses agree
on every path. Under neighbor anchoring, the physical representative was observed at the same
queried neighbor as the virtual prediction, so anchoring is preserved.

For free or connected-prefix play, class nesting and the lift give v, < vy < v, + 1 for the
two minimax values. If vy = v, + 1, the lift of a lower-palette optimum supplies legal optimal
implementations at both palettes. If v; = v,., let B be an upper-palette optimum. Its loss on the
nested lower class is at most v,. The downward legalization in (2) applies verbatim to K, (II): it
leaves the query sequence unchanged, and in neighbor-anchored play only the unrestricted initial

19



prediction can be out of range. It therefore gives a legal lower-palette implementation with no
larger loss. Lower-palette optimality forces equality. Thus the upper policy has optimal loss on the
nested lower-palette subclass, and its downward legalization is a legal lower-palette optimum. Every
neighbor-anchored policy is conservative after the first round, so the conservative lift of an optimal
anchored policy, together with palette monotonicity, proves (7). ]

Recall that m, = my(G,~) for the fixed graph and budget. The relevant bound on label
complexity is the budgeted fragmentation number

By(G) :=max{c(G - F) : F C E(G), w(F) <~v},

so (y(G) is the largest number of components obtainable by deleting edges of total weight at most
7.

Theorem 3.2. Let G be connected with positive edge weights, and put b = B,(G). A feasible q-label
target uses at most min{q, b} labels, and this bound is attained. Moreover, my > b for every g > 2.

The free-order and connected-prefix values are independent of q once ¢ > b+ 1; for each protocol,
one conservative equality-pattern, palette-blind schema is optimal throughout this tail. The neighbor-
anchored value is already independent of q for ¢ > max{2,b}, again with one palette-blind optimal
schema.

At the boundary, whenever s > r > max{2,b}, each free-order or connected-prefix value gap lies
in {0,1}. If the gap is one, a canonical schema is optimal at both palettes. If the values are equal,
an upper-palette optimum is simultaneously minimax in the nested-class sense, and its downward
legalization is a legal lower-palette optimum. The corresponding neighbor-anchored values are equal.

Proof. For a feasible labeling h, delete the set Fj, of edges whose endpoints have different labels.
Every component of G — F}, has constant label, so h uses at most ¢(G — Fp,) < b labels. Conversely,
if F' attains b, assign labels to the components of G — F' so as to use exactly min{q, b} names. Every
edge whose endpoints receive different labels then belongs to F', proving the first claim.

Assign an independent binary label to each of the b components of G — F. The resulting targets
form a Boolean b-cube. The adversary can force a mistake on the first queried vertex of each
component, so this cube has value b and proves mg > b.

It remains to justify stabilization by backward induction on the number of unqueried vertices,
starting with terminal value zero. At any nonempty history, suppose £ labels have appeared. If no
continuation using a fresh response is feasible, a fresh prediction is certainly wrong on every feasible
child and is dominated by predicting any observed label. Otherwise £ < b — 1. Because ¢ > b+ 1, at
least two unused names remain, and all fresh-response children are isomorphic under permutations
fixing the old names. Against a fresh prediction, the adversary may therefore return a different fresh
label, force a mistake, and reach the generic fresh child. Predicting an observed label has the same
cost on that child and weakly improves its matching old-label child, so a fresh prediction is again
dominated. Thus the Bellman recurrence depends only on the old-label children and one generic
fresh child, not on g. The induction hypothesis makes their continuation values palette-independent.
The legal connected-prefix query set depends only on @, so the same induction applies there. At
the empty history, for each first queried vertex all response children are isomorphic, and ¢ > 2 lets
the adversary make the first prediction wrong. Minimizing one plus the common child value over
the first vertex therefore also gives a palette-independent value. Fixed tie-breaking after ordering
observed blocks by first appearance yields a conservative equality-pattern, palette-blind optimum.
Let II, be the family of equality partitions whose crossing edges have total weight at most . Then

HSQ)(G) = K,(IL,) for every g, and the first part of the proof shows that every member of II, has
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at most b blocks. Theorem 3.1 therefore gives the anchored threshold one palette earlier and all the
adaptation assertions. ]

For clarity, write Vi, = Veonn ( gq)(G);G) and define Va(gzh analogously. Define the first
stabilization palettes

free

40 °(G,v) = min{q > 2 : my; = my for every s > ¢},
;""" (G, y) = min{qg > 2: V) =y for every s > q},

conn conn

@G, ~) = min{q > 2 : v =y@

anch — "anch

for every s > q}.
Theorem 3.2 gives

a6 (G,7), 45 (G ) < By(G) +1,  gg""(G,7) < max{2, B,(G)}.

When there is no ambiguity, go below denotes q[f)ree.

The fragmentation bound is an eventual guarantee, not the exact first threshold. Before
constructing every possible threshold, we record two operations that let weighted examples be
turned into ordinary unweighted instances.

3.1 Two construction operations

The next two results let us transfer constructions to the stated graph model. The first removes
integer edge weights; the second removes the temporary assumption that designated role vertices
already have prescribed distinct labels.

Proposition 3.3 (Realization by a simple unweighted graph). Let J be a finite connected graph
with positive integer edge weights and nmonnegative integer budget v. Aggregate parallel edges, let
W = max.cp(y we when E(J) # @ and let W = 0 otherwise, and choose an integer N with

N>~ +2, N? > W.

Replace each vertex of J by a disjoint Ky and realize a weight-w,, edge by w,y, distinct edges
between the two corresponding cliques. The condition N? > W ensures that these edges can be
chosen distinctly. Denote the resulting graph by J. It is finite, connected, simple, and unweighted.
Clique contraction identifies its feasible target class exactly with that of J for every palette. In

particular, mq(J,v) = mq(J,7), and the corresponding connected-prefix and neighbor-anchored
values, B, and every simultaneous policy-loss cap within each protocol are also preserved.

Proof. A nonconstant K cuts at least N — 1 > ~ internal edges, so every feasible target is constant
on each replacement clique. A clique-constant target has exactly the weighted cost of its contraction.

A quotient policy lifts by using its action at the first queried vertex of a replacement clique
and then filling the clique along a spanning tree while copying the revealed label, adding no
mistake. After the initial clique, a connected-prefix lift enters each new clique at an endpoint of
a representative edge from any already queried quotient neighbor. Under neighbor anchoring, it
uses the representative edge from the particular neighbor supplying the predicted label. The same
filling procedure then preserves the respective access condition. Conversely, simulate a policy on
the expanded graph, issue a quotient query only on the first visit to a clique, and feed the forced
response on later simulated visits. Suppressing those later visits cannot add mistakes. A first visit
to a new clique contracts to a vertex adjacent to an already visited quotient vertex; if its prediction
is anchored, the anchoring neighbor lies in such an adjacent clique and carries the same quotient

21



label. These transformations preserve all three protocol values and are compatible across palettes,
so they also preserve simultaneous loss caps.

Finally, deleting at most v < N — 1 internal edges cannot disconnect a replacement clique. Any
deletion set of size at most ~ therefore induces a quotient deletion: delete uv exactly when all w,,
edges between its two cliques were deleted. The quotient deletion has no greater weight and gives
the same number of components. Conversely, deleting all representative edges of any quotient edge
set has exactly its weighted cost and realizes the same components after contraction. Hence 3, is
preserved. O

Remark. Proposition 3.3 is an exact realizable reduction for positive integer weights. Positive
rational weights, together with the budget, can first be multiplied by a common denominator. This
argument does not give an exact finite realization of arbitrary real weights. Zero-weight edges may
be discarded for the free-order game, but not automatically for a local-access game, because even a
zero-weight edge can change the legal frontier or supply an anchor. The replacement may also be
large and need not preserve structural parameters such as treewidth.

Most importantly, clique realization does not preserve agnostic regret. A realizable target is
forced to be constant on each replacement clique, but an arbitrary agnostic response word may
split such a clique. We therefore use the proposition only for the stated realizable values, access
protocols, fragmentation numbers, and policy-loss comparisons; no unweighted agnostic hardness
consequence is inferred from it.

The next lemma removes prescribed distinct label roles. It is stated for an arbitrary core so it
can be reused in both the saturation and transfer constructions.

Lemma 3.4 (Releasing prescribed label roles). Let a core with positive integer edge weights and
nonnegative integer budget I' have live vertices X and role vertices ay,...,agr, where 3 < R <1 < s.
In the conditioned free-order game, the roles are fired boundary data carrying prescribed distinct
labels and are not queried; only vertices of X are queried. Suppose the two conditioned target classes
on X are nonempty and have free-order values b and c at palettes r and s.

There is a positive-integer-weighted unconditioned graph with nonnegative integer budget whose
two free-order values are b + M and ¢ + M for one common integer M. More precisely, if an
s-optimal fized-role free-order policy has worst-case loss exactly £ on the conditioned r-label class,
then its released free-order implementation has exact losses £ + M and ¢ + M. Moreover, if no
fized-role free-order policy has losses at most (u,v) on the two classes, then no released free-order
policy has losses at most (u+ M,v + M). The wrapper depends on the core and b, but not on s, so
it preserves an entire stabilized upper-palette tail.

Proof. The wrapper has two kinds of feasible branch. When the roles are distinct, its midpoints
form an independent Boolean cube and add a fixed loss. When two roles coincide, the same heavy
edges make the branch strictly cheaper.

Put N = |X|, d = 4,

T—44+2N+R—b+1), M= (d+T)<];>,
and choose an integer L > I'. Between each pair of roles add d 4+ T internally disjoint two-edge
paths, giving both edges of every path weight L, and raise the budget to I' + M L.

First condition on distinct role labels. Every midpoint must copy one of its endpoints: doing so
costs L, whereas using a third label costs 2L and would exceed the budget because L > I'. The
conditioned class is therefore the product of the core with a Boolean M-cube. Lemma 2.2 gives
values b+ M and c+ M.
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For the matching upper bound, use d paths per role pair to discover and verify the endpoint
labels and reserve the other T" paths as selectors. The scan in Appendix A.1 recovers and verifies all
distinct roles, up to one palette permutation, within the allowance d (12%); the reserves then bring the
total loss to at most M. After discovery, extend the role correspondence to a palette permutation
and run the corresponding fixed-role core policy. On an r-label target, choose the extension to
preserve [r], so its lower-palette guarantee continues to apply. If verification instead finds h > 1
equal-label role pairs, let e be the number of reserve midpoints on those pairs that differ from the
common endpoint label. The unequal pairs and these exceptions give

(M — (d+T)h +2¢)L. < ML +T.

Since I" < L, integrality gives e < (d + T')h/2. Even charging every other role, live vertex, and
midpoint query as a mistake, the branch costs

M4+N+R-Th+e<M+N+R-— <M+b-1.

(T —d)h
2
Thus collision branches are cheaper than the distinct-role branch; note that ¢ > b by palette

monotonicity. This proves both scalar values.

The same argument preserves policy losses. If an s-optimal fixed-role policy has lower-palette
loss ¢, run it after successful role discovery. Its two losses are at most £ + M and ¢ + M, while a
collision branch costs less than M + ¢ because £ > b. On a canonical distinct-role assignment, the
Boolean selector cube can force all M midpoint predictions to be wrong before a core target forces
respectively £ or ¢ further mistakes, so both bounds are exact. The same canonical assignment
proves the cap statement: answer every midpoint query with an endpoint label different from the
prediction, forcing M jointly feasible mistakes, and suppress role and midpoint queries. A released
policy with caps (u+ M, v+ M) would induce a fixed-role core policy with caps (u,v). The constants
use the core and b but not s, so the wrapper preserves an entire stabilized upper tail. ]

3.2 Every stabilization threshold occurs

Theorem 3.5. For every integer k > 2, one can choose a connected simple unweighted graph G
and a nonnegative integer budget v such that

QO(Gv 7) = k.
For every k > 3, the example can be chosen with an integer B such that
my_1 = B, ms=B+1 (s>k).

Proof. The cases k = 2 and k = 3 are immediate. A nontrivial tree at budget zero has value one for
every palette. For k = 3, take (G,7) = (C4,3); Theorem 2.14 gives

mo = 3, ms=4 (s>3).

Now let k£ > 4 and set r = k — 1. We first build a weighted core with prescribed distinct role
labels 1,...,r at vertices ay,...,a,. Distinguish an index p € [r], hence the role vertex a,, add a
center x, and add blocks Bi, ..., B, with

1Byl =1, |Bi| =3 (i # p), n=3r—2.
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For each v € B;, give zv weight n+ 1 and va; weight n, and set I' = n(n+1) — 1. In this conditioned
core, x and the block vertices are live queried vertices; the role vertices are fixed boundary conditions
and are not queried until Lemma 3.4 removes the conditioning.

Here is the proof mechanism before the accounting. We compute every section obtained by
revealing the center x: one distinguished old-label section and every fresh-label section have value
n — 1, whereas the other old-label sections have value n — 2. Consequently, the palette with only
the r role labels has value n — 1, while the availability of any fresh label raises the value once, to n,
and no later fresh label changes it. A two-section induction supplies the only difficult lower bound.
Finally, role release and clique realization convert this conditioned weighted mechanism into the
claimed ordinary unweighted instance without changing the first threshold.

We first compute the section obtained by fixing the label of x. Suppose x = i is an old label and
write s; = |B;|. Relative to the assignment that labels every block vertex i, let by count vertices
outside B; that retain their role label, let ¢y count those using neither ¢ nor their role label, and let
d count non-¢ vertices in B;. Feasibility is exactly

bop+ (n+1)co+ (2n+1)d <n(s; +1)—1.

Because s; € {1,3}, the inequality gives d < |s;/2]; also by + ¢9 < n — s;. Predicting ¢ on every
remaining vertex therefore makes at most n — [s;/2] mistakes. Equality follows from a Boolean
cube: every vertex outside B; independently chooses between 7 and its role label, and |s;/2| chosen
vertices of B; independently choose between ¢ and one fixed different old label. Hence the p-section
has value n — 1, and every other old-label section has value n — 2.

Suppose instead that x = f for a fresh label f. Let ¢ be the number of block vertices labeled f,
and let u be the number using neither f nor their role label. Their cut cost is

n(n+1) —t+ nu.

Since t < n — u, feasibility is equivalent to u = 0 and ¢ > 1. Thus this section is a punctured
Boolean n-cube and has value n — 1. Querying x and predicting p now shows that the r-label core
has value n — 1.

With at least one fresh label, querying x gives the upper bound n. For the reverse inequality, fix
a fresh label f and consider any first action. At x, one can return a wrong label among p and f and
leave a section of value n — 1. At a block vertex, any prediction other than f can be answered by f;
fixing x = f then leaves a Boolean cube on the other n — 1 block vertices. If f is predicted at the
unique vertex w € By, answer p; fixing z = p again leaves a Boolean (n — 1)-cube.

It remains to consider a prediction f at v € B; with ¢ # p. Answer with the role label ¢ and put

Z=|JB|\{v}
J#p
For S C Z, define two residual subclasses. In Lg, set x = w = p, fix S U {v} to their role labels,
and let each vertex of Z \ S choose independently between p and its role label. In Ug, set x = f, fix
S U {v} to their role labels, and let w and the vertices of Z \ S choose between f and their role

labels, excluding the all-role assignment. The preceding two section calculations show that both
subclasses are feasible. If d = |Z \ S|, then

v(LsUUs) >d+1. (8)

For d = 0, the two surviving assignments are (z,w) = (p,p) and (f, f). For d > 0, every first action
has a wrong response leaving either a Boolean or punctured Boolean class of value d, or the smaller
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union Lgyq.y UUgyqzy- This proves (8) by induction; Appendix A.2 gives the response-by-response
verification.

Initially d = n — 2, so the response at v leaves value n — 1. Every possible first action therefore
has a wrong-response child of value at least n — 1, and the upper-palette core has value n for every
palette at least r + 1.

Lemma 3.4 now removes the prescribed role labels, adding one common constant M at every
relevant palette. The released weighted graph has values M +n — 1 at palette r and M +n at every
palette at least » 4+ 1. Proposition 3.3 converts it to a connected simple unweighted graph without
changing this sequence. Its strict jump m, < m,41 rules out every threshold at most r, while the
constant tail from r 4+ 1 onward gives gg =7+ 1 = k. O

3.3 A weighted treewidth scale

The preceding unweighted examples can have large treewidth after unweighting. Retaining nonuni-
form integer weights reveals a secondary structural phenomenon: every treewidth w > 2 supports
an example whose first stabilization palette is w + 2.

A tree decomposition of G is a tree-indexed family of bags whose union is V(G), such that every
graph edge lies in some bag and the bags containing any fixed graph vertex form a connected subtree.
Its width is one less than its largest bag size, and tw(G) is the least possible width.

Theorem 3.6. For every integer w > 2, one can choose a connected simple graph G, with positive
integer edge weights and an integer budget v, such that

tW(Gw) = w, QO(Gwa Vw) =w+2.

The construction is weighted: its edge weights are not all equal.

Proof. First let r = w > 3. Before releasing the roles, prescribe distinct labels on ay,...,a, and
distinguish an index p € [r], hence the role vertex a,. Take n = 8 — 3 leaves: five in the p-block
and eight in every other role block. Join each leaf to a center x by an edge of weight two and to its
role by an edge of weight one, and give this core budget 2n — 1. Here the center and leaves are the
live queried vertices, while the role vertices are fixed boundary conditions until the release wrapper
is applied.

The fixed-role core has values n — 2,n — 1,n at palettes r,7+ 1, and s > r + 2, respectively. The
mechanism is short. If x receives an old label i, its role block has size s;, and @ leaves disagree with
x, then every such target has cost at least

n—si+Q+2(Q—(n—si))+,

where (z);+ = max{z,0}. The appendix uses this inequality to give the needed upper bounds for
every old-center section. For the matching lower bound, give z the label prescribed at a,, vary the
n — 5 outside leaves independently between p and their role labels, and let the five remaining leaves
range over a Boolean Hamming ball of radius three. This subclass has value (n —5) +3 =n — 2, so
the palette-r core value is n — 2.

One fresh center label exposes a punctured Boolean n-cube of value n — 1. Together with the
old-center bounds, querying x and predicting that fresh label proves that the palette-(r + 1) value is
n— 1.

With two fresh labels, a wrong fresh response at every possible first query leaves residual value
n—1. Conversely, query = and then copy its revealed label on every leaf. More than n total mistakes
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would require all n center edges to cross, at cost 2n > 2n — 1. Thus the value is n. Appendix A.3
supplies the remaining section substitutions and verifies the stated wrong-response subclasses.
Release the roles with Lemma 3.4. The wrapper contributes

M = (2r + 16) <;>
selector coordinates and adds M to every value, so
my =M +n—2, myi1=M+n—1, ms=M+n (s>r+2).

For w = 2, the analogous blocks of sizes five and eight give a 13-leaf core with values 11,12,13. The
two-role release gadget in Appendix A.3 adds sixteen selectors and yields

me = mg = 28, ms =29 (s>4).

It remains to certify the width. For r > 3, one bag {x, a1, ...,a,}, the bags {x,a;,v} for block
leaves v, and the bags {a;,a;, 2} for selector midpoints z form a tree decomposition of width r
when every smaller bag is attached to the central one. Conversely, one leaf from each block gives
internally disjoint z—a; paths, and one selector path for each role pair gives a subdivision of K.
Hence the treewidth is r. For w = 2, every auxiliary midpoint in the special wrapper is adjacent
only to a; and ag, so it fits a bag {a1,as,z}. The same decomposition therefore has width two,
while two internally disjoint a;—a2 selector paths form a cycle. Hence its treewidth is exactly two.
The displayed final strict increase and ensuing plateau give gg = w + 2. O

Remark. Theorem 3.6 is an existence theorem for weighted graphs, not a general treewidth bound.
Proposition 3.3 preserves the target class and minimax values, but replaces vertices by large cliques
of size N and can therefore increase treewidth far beyond the original width. Thus the construction
neither proves nor refutes the open unweighted inequality

q0(G,7) < tw(GQ) + 2.

3.4 Hardness of the mistake bound

The preceding certificates and palette-blind policies are explicit, but the unrestricted minimax value
itself is hard to evaluate in general. This is already true with two labels.

Theorem 3.7. For connected simple unweighted graphs with a nonnegative integer budget, deciding
whether
ma(G,7y) < [V(G)[ -1

is NP-complete. Its complementary decision ma(G,v) = |V(G)| is coNP-complete, and exact
evaluation is NP-hard. For connected simple graphs with positive integer edge weights and N wvertices,
under the promise mg € {N — 1, N}, deciding the lower value is NP-complete and deciding the upper
value is coNP-complete.

Proof. A nonempty class C C {0, 1}" has minimax value n if and only if it is the Boolean cube. The
Boolean cube permits the adversary to answer every prediction incorrectly. Conversely, if z ¢ C,
predict 1 — z(x) whenever coordinate x is queried. The unique history on which every prediction is
wrong is z, so every target in C gives at least one correct prediction.
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Now let GG have n vertices. Constant labelings are feasible, so its bounded-cut class is nonempty.
This class is the Boolean cube exactly when every cut has size at most . Therefore

ma(G,y) <n—1 <= MaxCut(G) >~y +1.

A cut is an NP witness. MAX-CUT remains NP-hard after imposing connectedness (Garey et al.,
1976): connect the source components by a tree of bridges and increase the requested cut size by
the number of added bridges. Independently flipping the two sides within each source component
makes every bridge cross, so this operation increases the maximum cut by exactly that number.
This proves NP-completeness; the complementary and exact-evaluation claims follow.

For the promise strengthening, start with a connected MAX-CuT instance (G, K), where
n = |V(G)|, m = |E(G)|, and 1 < K < m. Choose z € V(G), add a leaf a, give az weight
H = m — K +1, retain unit weights on G, and use budget m. Put N = n+ 1. The slice h(a) = h(z)
contains a Boolean n-cube, so the value is at least N — 1. If MaxCut(G) < K — 1, every slice with
h(a) # h(z) is also feasible because its cost is at most (K — 1) + H = m; the whole class is the
Boolean N-cube and has value N. If MaxCut(G) > K, extend a cut of size at least K by assigning
a the label opposite to that of z. This labeling has cost at least K + H = m + 1. The class is
proper, so the opening observation gives value at most N — 1, and equality follows from the retained
n-cube. Thus the lower value is equivalent to the MAX-CUT yes-instance. Under the promise, an
over-budget labeling certifies the lower value. The reduction always satisfies the promise, and taking
complements gives the coNP-completeness of the upper-value case. O

Fragmentation therefore explains why palette stabilization must eventually occur, while the
constructions show that its first threshold can vary arbitrarily. Exact evaluation is nevertheless
NP-hard even in the binary case.

4 Policy transfer

Recall that m, records the optimal scalar loss, whereas the transfer quantities compare the policies
attaining that loss.

The equality case in (3) is benign: if m, = ms, every upper-palette optimum transfers perfectly.
We now show that a strict rise, even by one, can change every optimum. Adjacent palettes can force
every richer-palette optimum to pay an arbitrarily large full gap; equally optimal policies can realize
every transfer loss across an interval; and exact zero-overhead transfer can fail for every nontrivial
palette pair. We begin with the strongest adjacent-palette statement.

Theorem 4.1. For every r > 2 and every integer D > 1, there is a connected simple unweighted
graph and an integer cut budget such that

A+

r<Tr+

Mpy1 = my + D, A 1 =D.

r<r+1 =

Equivalently, every (r 4+ 1)-optimal policy makes exactly D more worst-case mistakes on r-label
targets than an r-optimal policy.

Proof. We first treat r > 3. Put ¢t = D and
W = 2t, a=W+3, b=2W 44, n=a+ (r—1)b, N =tn.

In the fixed-role core, distinct labels are prescribed on role vertices A, ..., A,, and one role p is
distinguished. There are ¢ stars. Star j has center x; and leaf blocks Bj 1, ..., Bj,, where |Bj,| = a
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and |B;;| = b for i # p. Each leaf is joined to z; with weight W and to its role vertex with weight
one. The pooled budget is
F=WN —t(W-1).

The lower branch R; fixes x; = p. Leaves outside Bj; ), are independent Boolean coordinates
between p and their role labels, while B;, ranges over the radius-(a — 2) Hamming ball about the
all-p labeling, using p and one other old label. The upper branch U; fixes z; to the fresh label
f =r+41, lets every leaf choose between f and its role label, and deletes the all-role labeling. Hence

v(Rj) =n—2, v(U;) =n—1,

and every target in either branch has cut cost at most Wn — (W — 1). Consequently

t

t
P = HRj, Pry1 = H(Rj U Uj)
j=1

j=1

are feasible under the single pooled budget. The first product and the subproduct [] ;Ui € Pria
therefore give
B:=N -2t <m,, C:=N-—-t=B+t<mp41.

The pooled-budget calculation in Appendix B.1 gives matching policies for the entire bounded-cut
classes, including targets that distribute cut cost unevenly among the stars. Its lower-palette
estimate has an especially simple form: if the policy predicts p at a center and then copies the
response, a factor with ¢; mistakes and cut cost F; satisfies

E;>(W+1)t; —n+a. (9)

For the upper-palette policy, write d; = n—/; and 0; = Wn— Ej;. In the range relevant to a putative
(C + 1)st mistake, the calculation gives o; < (W — 1)d; after a fresh center and o; < (W +1)d; — 2
after an old center. Summing these estimates over the factors rules out the extra mistake and proves

my = B, Myy1 = C.

This calculation is essential: the products certify the lower bounds, but a shared cut budget can
admit additional targets that a Cartesian-product argument alone does not control.

We now prove the optimizer statement. Fix an (r + 1)-optimal policy. Along one common
history, retain P, as a lower-class version space and P,41 as an upper-class version space. Consider
an unresolved star. At its center or any leaf, a prediction different from f can be answered by f
with a mistake while preserving the full upper residual value, so upper optimality forces prediction
f. At a leaf outside B;,, answer with its role label. This is an ordinary mistake and lowers both
retained values by one. A leaf of B;, cannot be queried while the star remains unresolved: after
the forced prediction f, response p does not lower the current value of the residual union R; U U;.
Appendix B.1 verifies this two-section claim. Thus the mistake plus the residual value exceeds the
upper allowance. Thus, apart from further outside-block queries, the only action consistent with
upper optimality is to query the center; answer p there and select I?;. This mistake lowers the upper
value by one but leaves the lower value unchanged; call it a conflict. Afterward the two residual
factors coincide. Against each later query, take a tight Bellman response in their common residual
class. Upper optimality rules out a branch cost above the current allowance, so a tight response
either is correct and preserves the common value or is wrong and lowers it by exactly one; count
the latter as ordinary. Because every vertex must eventually be queried, a factor can postpone its
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conflict only until its finitely many outside-block leaves have been exhausted. Interleaving the stars
does not affect the argument.
Thus, after e ordinary value-lowering mistakes and k conflicts, the retained values are

B —e, C—e—k,
while e + k£ mistakes have occurred. When the tth star conflicts, the lower class forces total loss
(e+t)+(B—e)=B+t=C.

Every (r + 1)-optimal policy therefore has lower-class loss at least C; the scalar transfer sandwich
gives equality. Lemma 3.4 adds the same selector cost to both scalar values and to this loss frontier,
and Proposition 3.3 converts the construction to a connected simple unweighted graph.

For r = 2, use the preceding core and parameters with t = 7:= D + 1, and write B := N — 27
and C := N — 7 = B + 7 for its two values. The conflict coupling rules out a policy having loss
at most C' — 1 on the fixed-role binary class and at most C on the fixed-role ternary class. The
generic role-release lemma is unavailable because there are only two old labels. Appendix B.2
therefore supplies a two-role wrapper with K = 67 + 10 equal-weight selectors. Distinct roles make
the selectors independent Boolean coordinates; the appendix’s discovery, orientation, and collision
analysis shows that coincident roles are strictly cheaper and proves

m2:B+K—|—1, m3:C+K

It also shows that a ternary optimum with binary loss below C'+ K would induce the forbidden
fixed-role caps (C'— 1,C). Hence every ternary optimum has binary loss C' + K, and

mz—mo=(C+K)—(B+K+1)=7—1=D.
Proposition 3.3 preserves both scalar values and the two-palette loss frontier. O

The theorem says more than that some poorly chosen upper optimum transfers badly: every
upper optimum does. It also explains why ordinary product amplification is insufficient. The
construction verifies a global cut-cost inequality for all targets admitted by the pooled budget while
retaining literal products only as lower-bound subclasses.

4.1 Transfer spectra among upper-palette optima

The full-gap theorem makes every upper-palette optimum transfer badly. A different family shows
that tie-breaking among equally optimal policies can realize every possible transfer quality.

Theorem 4.2. For all integers r > 3 and g > 1, there is a connected simple unweighted graph,
together with an integer cut budget and an integer B, such that

my = B, my+1 = B+ g, mg=B+g+1 foreverys>r-+2.

For the adjacent pair,

{L,(A): AeOpt, } ={B+1,B+2,...,B+g}. (10)
Consequently
A’:<—7"+1 =1, A:—r—&-l =9
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For every s > r + 2,
{L,(A): A€Opt,} ={B,B+1,...,B+g+1}, (11)

and hence
Al =0, Aj(—s =g+1

Proof. The fixed-role seed and its exact loss frontier are proved in Proposition C.1. Write n =
r(2g + 3) — 2 for its number of leaves, so including the center there are n + 1 live vertices, and put
b=mn—g—1. Its values at palettes r, r + 1, and s > r + 2 are respectively

b, n—1=b+g, n=b+g+1.

At palette r + 1, predicting the unique fresh label at the center leaves g — 1 units of slack in
the distinguished old-label section, after charging the center mistake. Deliberately spending
j=0,...,9— 1 of those units before continuing optimally gives exact lower-palette losses b+ 1 + j.
A moving pair of retained Boolean subcubes rules out loss b, producing the entire interval in (10).

With at least two fresh labels, predicting an old center label gives a simultaneous optimum
of lower-palette loss b. Predicting one fresh label instead leaves another fresh response available
to certify the upper value n; spending j = 0,...,¢g units in the distinguished old section gives
lower-palette losses b+ 1 + j. This fills the interval in (11).

Lemma 3.4 removes the prescribed roles and realizes every listed loss after adding one common
selector cost M. In the adjacent case, its cap-preservation clause also excludes lower loss b 4+ M;
the transfer sandwich excludes values outside the displayed interval. In the separated case, the
realized interval already fills the entire sandwich. Taking B = b+ M proves both spectra. The
same wrapper works throughout the upper-palette tail. Apply Proposition 3.3 once: it preserves
the values and simultaneous loss caps, and lifts each constructed policy with its exact losses. Thus
this single connected simple unweighted graph is fixed independently of s and supports the entire
asserted tail. O

Thus scalar values conceal substantial optimizer-level geometry. For adjacent palettes, every
richer-class optimum is incompatible with the lower optimum, yet its added loss can be any integer
from one through the full scalar gap. Once two fresh labels are available, this family also contains a
perfectly transferring optimum, while other optima still lose the entire gap.

4.2 A construction for nonadjacent palettes

For nonadjacent palettes, two fresh labels destroy the asymmetric mechanism used by the adjacent
construction. The following construction instead forces the two palettes to prefer different global
role phases.

Lemma 4.3. For every r > 3 and s > r + 2, there is a graph with positive integer edge weights and
an integer budget, together with v anchor vertices conditioned to have prescribed distinct labels, such
that the resulting r- and s-label classes have values n — 1 and n, respectively, where n = 7r — 2, and
no policy is minimax for both palettes.

Proof. Call the old labels 1,...,7, put u = 1 and p = 2, and prescribe label ¢ at anchor A;. For
every i # p, the construction has a role vertex U;. Its role-edge system isolates exactly two feasible
phases:

I:U=i (i#p), C:U=p (i#p).
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The two pure phases are balanced at the common budget, while a coherent mix with j private roles
incurs an additional positive term proportional to j(r — 1 — j), chosen larger than the available
payload slack; assigning a role any third label costs still more. Thus no intermediate role phase
is feasible. The remaining live vertices form the payload: a center z, leaf vertices partitioned into
blocks, and tag vertices. Together with the U;, these are all unconditioned vertices. A complete
specification of the graph and its integer weights, together with the budget and the verification that
every other role assignment is infeasible, appears in Appendix B.3.

Set a=n—2,b=n—1, and ¢ = n. The payload attached to the roles has the following residual
values:

I C
r-label payload | a b . (12)
s-label payload | ¢ b

In phase I, the payload exposes full and punctured Boolean cubes through the private roles; in
phase C, the roles collapse to p and the payload becomes the punctured Boolean cube {p, u}"\ {u"}.
Appendix B.3 derives the four entries in (12), uniformly for every s > r + 2, directly from the
construction.

The lower value is b. Indeed, query any U; and predict p. Response p enters phase C with
residual value b, whereas response ¢ costs one mistake and enters phase I with residual value a;
both branches cost at most b. The phase-C' payload gives the matching lower bound. Similarly, the
upper value is ¢: query U; and predict ¢. Its phase-I branch has value ¢, while response p costs one
mistake and leaves value b = ¢ — 1. Phase [ supplies the matching lower bound.

It remains to show that these two optimal allowances are incompatible. The conditioned anchors
have already been revealed, and every live vertex is of one of the three types in the following table.
The tight response sections are

queried vertex response leaving lower residual b response leaving upper residual ¢
Ui b ! (13)
x or a block vertex P a fresh label f '
a tag vertex P U

Appendix B.3 verifies these response-section values directly from the construction. For completeness,
conditioning on a response only restricts the target class and removes the queried coordinate, so
each section is bounded above by the already established whole-game value b or c¢. In every entry of
the table, the indicated pure phase remains available and contains a subclass of that same value.
The displayed section values are therefore equalities, not merely lower bounds from the pure phases.

At a role vertex, the lower allowance forces prediction p, after which response i already costs
one mistake and leaves the full upper value c. At x or a block vertex, the same lower requirement
forces prediction p, while a fresh response leaves upper value c. At a tag, the upper allowance forces
prediction u, while response p costs one mistake and leaves lower value b. Thus every possible first
action violates one of the two minimax allowances. O

Corollary 4.4. For everyr > 3 and s > r+ 2, a connected simple unweighted graph and an integer
budget satisfy ms = m, + 1 and have no policy minimazx for both palettes.

Proof. Release the prescribed anchors using Lemma 3.4, which adds the same selector loss to both
values and preserves incompatibility. Then apply Proposition 3.3. O
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4.3 The binary lower palette

The adjacent theorem handles 2 — 3. A fixed finite construction supplies every pair 2 — s with
s > 4.

Lemma 4.5. There is a connected graph J, with positive integer edge weights and budget 200000
such that
ma(Jx, 200000) = 3, ms(Jx, 200000) =4 (s > 3),

and, for any s > 3, no s-label policy is minimax for both the binary and s-label classes.

Proof. The graph consists of two identical petals meeting only at a vertex o. Appendix B.4 gives
the complete weighted edge list and budget. After fixing o = 1, it also lists all twenty-three feasible
equality-partition representatives of the one-petal residual class and the exact Bellman recurrence.
Let P, denote that residual class at palette size q. Direct exact evaluation gives

q (2 3 4

v(Py) 2 3 3.
mqy(Jy,200000) | 3 4 4

The action-level output is also short. At the distinguished vertex ¢, the response-section values, in
label order, are
(1,2), (1,3,3), (1,3,3,3) for q=2,3,4,

respectively; every other petal query has binary sections (2,2). Thus on Ps, loss two uniquely
forces the action “query t and predict label 2,” whereas that action costs four on P3 and Py. No
conditioned-petal policy therefore has respective loss caps (2,3). On the two-petal binary class, the
response sections are (2,2) at b;, ¢;, d;, e; and (3,3) at every other live vertex. Consequently every
first action of cost at most three queries one of the four listed vertices in some petal.

The exhaustive computation also shows that a nonconstant petal costs at least 102856, more
than half the budget. Hence every nonconstant feasible target activates exactly one petal. Suppose
a three- or four-label policy were minimax for both palettes. By the two-petal section values, its
binary first query lies in one petal at one of the listed vertices. Return one of the two lower-palette
labels different from its prediction, complete that petal and o constantly, and leave the other petal
unresolved. A constant petal uses no budget, so every target in the other conditioned petal remains
feasible. By label symmetry, for either binary response the latter residual class is a label-renamed
copy of P,. Following the forced mistake, suppressing queries in the fixed petal would therefore
produce a conditioned-petal policy with caps (2,3), which is impossible by the preceding action
calculation.

The enumeration shows that no feasible petal partition has four blocks. Nor can it have more:
merging blocks down to four could only decrease the cut cost. Since at most one petal is nonconstant,
no feasible partition of J, has more than three blocks. Indeed, if S200000(Jx) > 4, assigning four
distinct labels to four components produced by an admissible deletion would give a feasible four-block
equality partition, a contradiction. Thus S200000(J%) < 3, and Theorem 3.2 gives m(J,, 200000) = 4
for every s > 4. If a simultaneous policy existed for some s > 4, choose four labels containing the
two binary labels and simulate that policy internally on their targets. Whenever it predicts outside
the four labels, output a fixed retained label instead, but feed the revealed label to the original
simulation. This modification cannot increase the number of mistakes, so it would contradict the
four-label case.

All entries are obtained from the printed integer weights and the exact Bellman recurrence.
The archived source binary nonadjacent_certificate.py (Zhou, 2026) reruns the exhaustive
calculation; it is a reproducibility aid rather than an additional premise. O
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These ingredients yield the cleanest form of policy instability: it occurs for every strict enlarge-
ment of the palette, even across a one-unit rise in the scalar minimax value.

Theorem 4.6. For every 2 <r < s, there is a connected simple unweighted graph and an integer
budget such that
ms = my + 1, A=A =1

Thus no upper-palette optimum is minimaz on the lower-palette subclass: zero-overhead transfer can
fail for every strict palette enlargement.

Proof. There are four cases. For (r,s) = (2,3), use Theorem 4.1 with D = 1. For r =2 and s > 4,
use Lemma 4.5 followed by Proposition 3.3. For r > 3 and s = r + 1, again use Theorem 4.1 with
D = 1. Finally, for » > 3 and s > r + 2, use Corollary 4.4.

Each construction has values m, = B and ms; = B + 1 and excludes a simultaneous optimum.
The sandwich (3) permits the lower-class loss of an s-optimal policy to be only B or B + 1. The
first possibility would give a simultaneous optimum, so every such policy has loss B + 1. O

Open problem. For fixed 2 <7 and s > r + 2, can the best-choice overhead A, be arbitrarily
large? The separated-palette part of Theorem 4.2 shows why a large scalar gap alone cannot settle
this question: for every r > 3 and s > r + 2, that family has arbitrarily large ms; — m, while
A-

res =0.

5 The price of local access

The connected-prefix rule limits where the next piece of information can be acquired. Neighbor
anchoring additionally limits which label may be proposed there. We track the two restrictions
separately to distinguish constraints on queries from constraints on predictions.

A close predecessor is the adaptive exploration protocol of Cesa-Bianchi et al. (2011). There the
graph is initially unknown, the learner chooses an exposed anchor, and the environment supplies a
new neighbor; their principal prediction copies the anchor label. Here the entire graph is known
and the learner chooses the exact frontier vertex. Our comparison therefore isolates access order
from neighbor-copy prediction and asks for the exact minimax cost of each restriction on one fixed
bounded-cut class.

The central phenomenon is an information-order gap: free play may inspect distant endpoints
before entering a path, whereas connected play must commit to a frontier without that information.
The following elementary module isolates the obstruction needed for the near-factor-two bouquet
construction.

Lemma 5.1 (Theta module). Let t > 3, and let J; consist of the t internally disjoint paths
p—a; —b;—z (1<i<t)

whose edge weights are t —1,1,t — 1. Restrict to targets of cut cost at most t, over any palette ¢ > 2.
The module has two properties:

(i) If the history consists only of the revealed response h(p) = «, then the residual connected-prefix
and neighbor-anchored values are both two.

(ii) Whatever first vertex and prediction the learner chooses, the realizable adversary has a wrong
response that leaves connected-prefix residual value at least two.
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Proof. Suppose first that p has revealed label a. Query all a; from p, then b; from a;, then 2z from
b1, and finally every remaining b; from z, always copying the queried neighbor’s label. This policy
is neighbor-anchored connected-prefix. Let X be the number of bichromatic weight-(t — 1) edges
and let £ = 1{h(a1) # h(b1)}. Its residual loss is at most X + ¢. Feasibility gives

(t—1)X+L<Cy(h) <t

Since t > 3, at most one heavy edge is bichromatic, and the displayed inequality yields X + ¢ < 2.
Thus both residual local values are at most two.

For the reverse bound, the realizable adversary maintains a simple invariant: as long as the
learner remains on the a-side, answer «; the first attempt to cross an arm through some b; can then
be answered incorrectly while preserving at least one further unavoidable mistake. To formalize this
strategy, fix 5 # « and retain the following targets: the constant-« target; for each i, the target
equal to 8 only at a; or only at b;; and the central target equal to o on p,aq,...,a; and to 8 on
b1, ..., b, z. Each nonconstant target has cut cost exactly ¢.

Answer o whenever the learner queries an a;. Consider the first subsequent query at some b;. Its
a-response section contains the constant target and a singleton target at b; for some j # 4, while its
[-response section contains the singleton target at b; and the central target. Each section therefore
contains two targets that still differ on an unqueried vertex. The realizable adversary chooses
whichever of «a, 8 differs from the prediction, causing a mistake and leaving residual value at least
one. If an earlier prediction at an a; was not «, answering « already caused a mistake; otherwise
connected play must eventually reach such a b;. In either case the residual connected-prefix value is
at least two. This lower argument remains valid if any subset of the a; has already been revealed as
.

It remains to justify the arbitrary first-query clause. By label symmetry, the realizable adversary
chooses a first response « different from the prediction. A first query at p or z leaves the rooted
state just analyzed, up to reflection. If the first query is at a;, the frontier is {p,b;}. At b; the
two response sections from the preceding paragraph again let the adversary force a mistake while
retaining value one. At p, return a: a non-« prediction is a mistake with two feasible completions
left, whereas an « prediction enters the rooted obstruction with a; already revealed. Thus either
action leaves residual value at least two. A first query at b; is symmetric. O

The lemma isolates both contributions needed below: after the shared vertex is known, each
untouched module costs two local mistakes; a module containing the initial query can be forced to
contribute three including that first mistake.

Theorem 5.2. For every integer N > 1, there is a connected simple unweighted graph Gy and an
integer budget yn such that, simultaneously for every palette size ¢ > 2,

Msd(H(q) GN) =N+ 17 ‘/;:onn = Vanch = 2N + 1.

TN’
FEquivalently, for every integer M > 2 there is an instance satisfying

‘/}ree = M7 ‘/'Conn — Vanch — 2M — 1.

Hence neither local protocol admits a universal multiplicative comparison with the free value by a
factor smaller than two.

Proof. Choose an integer t > 2N + 2. Take N copies of the module in Lemma 5.1 and identify their
vertices p. Module j has right endpoint z; and paths

p—aji—bji—z  (1<i<t)

with edge weights ¢t — 1,1,¢ — 1. Give the whole weighted bouquet budget I' = Nt.
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Free upper bound. Query p, then every z; while predicting the label of p, and finally query
a;; predicting the label of p and b;; predicting the label of z;. Let Z be the number of modules
whose two endpoints differ, X the number of bichromatic weight-(¢t — 1) edges, and Y the number
of bichromatic weight-one edges. Apart from the possible first mistake, this policy makes at most
Z + X mistakes. Each module counted by Z has, on every arm, either a bichromatic heavy edge or
a bichromatic middle edge, so Y > tZ — X. Feasibility gives

Nt>t-D)X+Y >tZ+ (t—2)X.

Thus Z < N and, because t — 2 > 2N,

X < {
The free loss is at most N + 1.

Free lower bound. Select one vertex b; in each module. Its singleton boundary has weight ¢,
and the complement of the N selected vertices is connected because every module has another intact
arm. These singletons and the complement form an (N + 1)-part partition with total boundary Nt.
Assigning two labels independently to the parts gives a feasible Boolean (/N 4 1)-cube. Hence the
unrestricted minimax value is IV + 1 for every palette.

Local upper bound. There is a neighbor-anchored policy with at most 2IN 4 1 mistakes. Root
at p. In each module query all a;; from p, then b;; from a;1, then z; from b; 1, and finally the
remaining b;; from z;, always copying the predecessor’s label. If /; records whether a;1b;1 is
bichromatic, its loss is at most
1+ X+ 4
J

The cut cost bound gives X < [Nt/(t —1)] = N, and Zj ¢; < N, proving the upper bound.

Local lower bound. Retain the global targets whose restriction to every module has cut cost at
most t; their total cost is at most Nt. It is enough to prove the connected-prefix lower bound, since
neighbor-anchored play is more restrictive. Once the response at p is fixed, the retained class is the
Cartesian product of the rooted module classes. For a current history, let K; be the residual class
in module j, let u; be its connected-prefix Bellman value with p already queried, and let e count
mistakes made since the response at p was fixed. Define

N
\Il:e+2uj.
j=1

Every legal query belongs to one module, say j. The Bellman recurrence for K; supplies a feasible
response for which the immediate mistake indicator § and new value u; satisfy § + u; > uj. All other
factors are unchanged, and the product structure lets this response be combined with arbitrary
completions in them. Hence ¥ never decreases. Initially every untouched rooted module has value
two by Lemma 5.1(i), and at termination all u; vanish. Thus the rooted factors force two mistakes
each.

If the learner starts at p, answer the first prediction incorrectly and then apply this potential,
forcing 1 + 2N mistakes. Otherwise its first query lies in one active module, and before p is queried
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no other module is reachable. Lemma 5.1(ii) answers that first prediction incorrectly and leaves
active-module value at least two. Let e now count subsequent mistakes and u the active-module
residual value. At each query before and including the query of p, the same one-factor Bellman
inequality preserves e + u > 2. When p is revealed, the other N — 1 modules become untouched
rooted factors of value two, and the product potential applies. The total loss is therefore at least

l+e+u+2(N—1)>2N+1.

Finally apply Proposition 3.3. The replacement cliques cannot be split within budget, so
contraction preserves all three values. This gives the asserted simple unweighted graph. O

The lower bound 2M — 1 is asymptotically decisive: no factor below two can hold. The
complementary statement

Veonn, Vanch < 2 Msd(/H'(yQ)a G)

for every bounded-cut instance remains open. The bouquet theorem gives a necessary lower bound
of two on any universal comparison constant; it does not establish a universal upper bound.

6 Deterministic agnostic regret

The realizable game assumes that the revealed labeling meets the cut budget. We now allow
arbitrary responses and compare the learner’s mistakes with those of the best bounded-cut labeling
in hindsight. This changes the governing geometry: the graph still selects the structured comparator
class, but Hamming distance determines the comparator’s loss.

Let V be a known set of n coordinates, let ¢ > 2, and let @ # H C [q]v. In this section a word
and a labeling are the same object, with vertices serving as coordinates. Put

d(f,g) =[{v eV flv) #g)},  dly,H)=mind(y,h).

The learner knows H and knows that it is playing the agnostic game, but the response word y € [q]v
is arbitrary. The comparator is chosen only in hindsight. The deterministic agnostic value is

RISt () := mi M(A,y) —d(y,H)).
(M) mf}nyrgﬁg( (A,y) —d(y, H))

An adaptive adversary is legitimate here: once a deterministic learner is fixed, its response history
defines one completed word y. This is the deterministic finite-domain agnostic analogue of classical
self-directed learning (Goldman and Sloan, 1994). Devulapalli and Hanneke (2024) study a broader
binary formulation with randomized expected regret; retaining the present deterministic protocol
allows exact graph-dependent worst-case values.

For later use, the exact backward recursion may be written directly on a partial word z €
([l U {x})V. If 2% fills coordinate = with a, define

—d(z,H), z € [q]V,

Fu(z) = min min max (1{p # a} + Fx(z""%)), otherwise. 9
T:2z =% p€[q] a€lq]

Backward induction gives R (H) = Fy (V).
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For a nonempty class in Hamming space, write
covrad(H) = max d(y, H),
US|l
rad(H) = min maxd(p, h),
(H) i, ma (p, )

diam(H) = max d .
(H) = max d(f,9)
The radius, also called the Chebyshev radius, is the performance of the best fixed prediction word;
the covering radius measures the farthest possible response word from the comparator set; and the
diameter measures the comparator set’s spread.

Proposition 6.1. For every nonempty H C [q]V,
max{n — covrad(H), [dlzm;(?'-[)-‘ } < R¥Y(H) < rad(H) < diam(H). (15)

Consequently, a fixed Chebyshev-center word is always a factor-two approximation to optimal
deterministic self-directed regret.

Proof. 1f the learner predicts a fixed word p and h, is a nearest comparator to y, the triangle
inequality gives

d(p,y) — d(y, H) < d(p, hy).
For the reverse inequality for a fixed word p, take a farthest h € H as the response word: its
comparator loss is zero. Thus the worst-case regret of p is exactly maxpey d(p, h). Minimizing over
p proves the middle upper bound. Choosing p € H gives rad(H) < diam(#H).

For the covering-radius lower bound, answer every prediction incorrectly. The resulting word
gives regret at least n — d(y,H) > n — covrad(H). For the diameter bound, choose f,g € H at
distance D. At each coordinate where they differ, return one of f(v), g(v) that is not the prediction;
at their common coordinates return the common label. The learner makes at least D mistakes,
while the two comparator losses sum to D. One comparator loses at most | D/2], giving regret at
least [D/2]. Since diam(H) < 2RI (H), the factor-two claim follows. O

In binary Hamming space, complementation gives the standard antipodal radius—covering-radius
identity (Mazumdar et al., 2013), making the two geometric bounds coincide.

Theorem 6.2. For every nonempty H C {0,1}",
RIS (H) = rad(H) = n — covrad(H).

An optimal learner is nonadaptive: choose a Chebyshev center, query in any order, and predict that
center word. Thus deterministic adaptivity and query order have exactly zero value relative to the
best fized word for every binary comparator class.

Proof. For the bitwise complement ¢, d(c,h) = n — d(c,h). Since complementation is a bijection,
min maxd(c, h) = n — maxmind(z,h) = n — covrad(H).
¢ heH z  heH
The two matching sides of (15) force equality. This equality also has a direct worst-case witness for

the stated fixed strategy. If ¢ is a Chebyshev center of radius R and the response is y = ¢, then the
learner predicting ¢ makes n mistakes, while

d(y, H) = gg}{l(n —d(c,h)) =n—R.

Its regret on this word is therefore exactly R. O

37



The conclusion changes immediately when a third response symbol is available. Let ICy(V') =
{a"" : a € [q]} be the class of constant words.

Theorem 6.3. For everyn >1 and q > 2,

n n
R0, = 5] rate,w) = 2.
For g =3 and n = 2, adaptive regret is 1, while every fixed word has worst-case regret 2. Hence
the factor two in Proposition 6.1 is sharp, and a third symbol already makes feedback strictly more
powerful than every fized prediction word.

Proof. Two distinct constant words are distance n apart, so the diameter lower bound gives [n/2].
For the upper bound, pair the coordinates, with at most one singleton. Predict arbitrarily on the
first coordinate of each pair and copy its response on the second. If the two responses agree, the
pair costs at most one mistake. If they differ, it costs at most two, but every constant comparator
disagrees on at least one coordinate of the pair. Thus, against every constant comparator, the regret
is at most one per pair and at most one on the singleton. The same bound holds against the best
constant chosen in hindsight.

If a fixed word p uses label a exactly n, times, its farthest constant word is at distance n—ming ng.
Balancing the counts n, proves the radius formula and the stated two-coordinate example. ]

6.1 Equality patterns and palette stabilization
For h € [q]V, let TI(h) be its equality partition, defined by

u~v <= h(u) = h(v).

It records which coordinates share a label while forgetting the label names. For example, (1,1,2,3,2)
and (3,3,1,2,1) induce the same partition. If 8 is a nonempty family of set partitions of V', viewed
as the collection of allowed equality patterns, define

He(P) = {h € [q)" - 1L(h) € B}

Lemma 6.4. Let P be a partition of V with at most q blocks, and let Ry(P) = {h € [¢]" : TI(h) = P}
be its set of label realizations. For a response word y, put Y, =y~ (a) for a € [q], allowing empty
classes. Then

d(y, Rq(P)) =n — max > BN Y,
o <—>[q] BeP
where the maximum is over injections, equivalently over maximum-weight matchings that cover the
blocks of P. In particular, when q > n, the right side depends only on the two set partitions P and
II(y), not on the ambient palette.

Proof. A realization of P is exactly an injection o assigning distinct label names to its blocks. If
block B receives name o(B), it agrees with y on exactly |B N Y(p)| coordinates. Maximizing these
agreements and subtracting from n proves the formula. The positive matching weights depend only
on intersections between blocks of P and II(y). A maximum-weight partial matching between these
two partitions can be extended to cover P using unused label names with zero additional weight.
Indeed, an unmatched block and an unmatched observed label cannot have positive intersection,
since adding that pair would improve the matching, and ¢ > n > | P| supplies enough names. Extra
unused names therefore do not change the optimum. O
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Theorem 6.5. For each fized q for which Hy(B) is nonempty, Bellman values of partial histories
depend only on the queried set and the equality partition of the observed labels. If n = |V|, then

RIY(Hy(B) = RS Hpia(B)  (g>n+1).

Proof. Permuting label names preserves the comparator class, Hamming distance, and every action
in the game. Relative to a partial history, a prediction is therefore either one specified old label
or a fresh label. A response is the prediction, another specified old label, or a different fresh label.
Before the terminal round at most n — 1 names have appeared, so every one of these orbit types is
available once ¢ > n + 1. At a terminal history, Lemma 6.4 gives

d(y, H = min d(y, R,(P)),
(v, Hq(P)) = min d(y, Re(P))
|P|<q
and for ¢ > n the restriction |P| < ¢ is vacuous. The quantity then depends only on the equality

partition of y. These palette-independent terminal values start a backward induction in (14); the
common nonterminal orbit types then prove both assertions. ]

Proposition 6.6. Suppose B is closed under merging blocks. If ¢ > € > 2, then
RS (Hq(B)) = RS (He(B))-

In particular, for bounded-cut graph comparators the agnostic value is nondecreasing in the palette
and is constant from palette n + 1 onward. The number n + 1 is a universal sufficient threshold, not
necessarily the first one.

Proof. Choose a map ¢ : [q] — [¢] that fixes [¢]. Against a g-label learner, simulate an optimal
¢-label adversary using prediction ¢(p). Every simulated mistake is a real mistake. For a response
word y € [(]V, the comparator distances in the two classes agree: one inequality is inclusion, while
applying ¢ to a g-label comparator merges blocks, preserves feasibility, and cannot increase its
distance from y. For graph classes, merging labels only removes bichromatic edges. The monotonicity
and Theorem 6.5 give the final claim. O

6.2 Exact agnostic graph benchmarks

For the rest of this subsection, graphs are unweighted, the budget ¢ is a nonnegative integer, and the

comparator is ’ng)(G) from (1); the response word remains arbitrary. The one technical ingredient

needed for the exceptional cycle case is recorded next.

Lemma 6.7. Let vg,v1,...,vs ver1 be a path whose endpoint labels are fized and whose € internal
vertices remain unqueried. If ¢ > 3, a € Z>o, and { > 2a + 2, the adversary can answer every
remaining prediction incorrectly and leave a response word y and a comparator h with the prescribed
endpoint labels such that

d(y,h) < a, {1 € {0,..., 0} : h(v;) # h(vit1)}] < £ — 2a.
Proof. The parity-sensitive induction is given in Appendix D. O

For K,,, define
ut:max{uEZ:OSuS LgJ, u(n—u)gt}.

For P,, put b = min{t,n — 1}. For C,,, where n > 3, put

7 = min{t,n}, s¢ = 2min { L%J ) LgJ } '
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Theorem 6.8. For every q > 2,

R (R (50)) = |5 ] + e (16)
rir e = |5

For ¢ = 2, the corresponding covering radii are |n/2] —u; and |(n —b)/2].
On cycles,

R P (C) = 5] + 5 a7
[n/2], r<l1,

Rggt(ng)(Cn)) = "n + min{7,n — 1}-‘ o (g >3). (18)
2 9 — bl

Proof. On K, a binary word whose minority label occurs u times cuts exactly u(n — u) edges. The
feasible binary class is therefore the union of the radius-u; Hamming balls centered at 0™ and 17,
and its covering radius is |n/2] — us. The binary collapse and palette monotonicity give the claimed
lower bound for every palette.

For the reverse bound, suppose first that [n/2] + u; < n. Then u; < [n/2], so maximality in
the definition of u; gives

n n ’I’L2

t< (up+)(n—u —1) < bJ H <

Every feasible multiclass comparator therefore has a majority label. Indeed, if its label-class sizes a;
were all at most n/2, then

1 9 9 n?
CKn(h‘):§ n —Zai ZZ>t'

If the majority has size n — u, merging all minority labels gives a binary cut of size u(n — ), so
u < u¢. Thus every feasible comparator is within u; of a constant word. Equivalently,

d(y, 1P (Ky)) = dly, Ko(V)) — .

The optimal constant-comparator policy from Theorem 6.3 now has regret at most [n/2| + uy. If
that expression equals n, the trivial upper bound suffices. This proves (16).

For P, take any binary response word, preserve its first b vertices, and make the remaining
interval constant in its majority label. The resulting comparator has at most b transitions and
changes at most |(n — b)/2] coordinates. Binary collapse and monotonicity again give the stated
lower bound. For the upper bound, query along the path and copy the preceding response after the
first query. If the response word has ¢ transitions, this policy makes at most 1 + ¢ mistakes. When
¢ > b, changing one coordinate can remove at most two transitions, so

1O 2) = <50

It follows that the regret is at most

tee- |50 < 25
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If ¢ < b, the bound 1+ ¢ <1+b < [(n+0b)/2] applies.

For a binary cycle, every cut count is even, so budget ¢ is equivalent to budget s;. In an arbitrary
binary response word, choose a minority label. If it has at most s;/2 runs, change nothing; otherwise
retain its s;/2 largest runs and flip the others. In the latter case this changes at most [n/2] — s;/2
vertices, and in both cases it leaves at most s; transitions. Conversely, start with a binary word
having 2|n/2| transitions. A single coordinate change destroys at most two transitions, so every
feasible comparator is at least [n/2] — s;/2 away. Thus,

covrad ({2 (Cy)) = PJ -
2 2
and binary collapse proves (17).

Now let ¢ > 3. If 7 < 1, the comparator class consists only of constants. If 7 > 2, delete one
cycle edge and apply the path upper bound with budget min{r,n — 1}. The binary lower bound
matches this quantity except when n is even and 7 is odd with 3 <7 <n — 1. In that exceptional
case put
n—71-—1

2
Answer the first cycle query incorrectly and view the remaining cycle as a path whose two endpoints
are copies of that revealed vertex. Apply Lemma 6.7 to the n — 1 unqueried internal vertices with
allowance a. Every prediction is wrong, while a comparator at distance at most a has at most
(n — 1) — 2a = 7 bichromatic edges. The regret is at least n —a = (n + 7 + 1)/2, matching the path
upper bound. This proves (18). O

a =

6.3 Computational complexity

The binary theorem turns the agnostic game into a static center problem, but it does not make
exact evaluation easy. In fact, the same Max Cut endpoint that gives realizable hardness also settles
binary unweighted agnostic hardness.

Corollary 6.9. On connected simple unweighted graphs with n vertices and a nonnegative integer
budget vy, deciding whether Rggt(HSQ)(G)) <n —1 is NP-complete, and deciding whether it equals n
1s coNP-complete. Exact evaluation is NP-hard.

Proof. By Theorem 6.2,

RE'HP(G) =n <= covradHP(G)) =0
= HPG) =[2"
<= MaxCut(G) <.

Thus the value is at most n — 1 exactly when a cut of size at least v + 1 exists. A cut certifies this
condition in polynomial time, and the connected unweighted Max Cut reduction in the proof of
Theorem 3.7 proves NP-hardness. Taking complements gives the second claim, and exact evaluation
decides either endpoint condition. ]

For each fixed palette ¢ > 3, the binary radius identity is unavailable. The next reduction
establishes hardness with positive integer edge weights directly at the root of the adaptive game,
without reducing to a static comparator-distance problem.

Theorem 6.10. For every fixred q > 2, exact evaluation of degt(HE,q)(G)) is NP-hard on connected
stmple graphs with positive integer edge weights. More precisely, deciding whether the value is at
most |V (G)| — 1 is NP-hard, while deciding whether it equals |V (G)| is coNP-hard.
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Proof. For a weighted graph J on N vertices, define

Q,(J) = max min{C;(y) : y is an all-mistake response word against A}.

Then
REHD(I) =N = () <7.

If ®,(J) < v, every learner admits an all-wrong word that is itself a feasible comparator. If
®,(J) > 7, one learner ensures that every response word either contains a correct prediction or, if
all predictions are wrong, lies outside the comparator class and has comparator distance at least
one. Its regret is therefore at most N — 1.

Reduce a Max Cut instance (G, B) with 1 < B < m, where G has n vertices, m > 0 edges, and
maximum cut size M. Add vertices a,b. Retain the original edges with weight one, give each edge
av and bv weight D = m, and give ab weight

W = Dn + m.
Call the resulting connected simple weighted graph J. We claim
®,(J) =W+ Dn+ M. (19)

For the lower bound, a learner queries a, receives a wrong label «, then queries b while predicting
« and receives 5 # «. Fix a maximum cut of G. At each original vertex, predict the anchor label
opposite the label prescribed by its shore. An all-wrong response in {«, 8} is forced to be the
prescribed label and contributes D on the two anchor edges. If no original vertex receives a third
label, the old edges contribute exactly M. If at least one does, the vertex—anchor edges contribute
at least Dn + D = Dn + m, while the old-edge contribution is nonnegative; since M < m, the total
is again at least W + Dn + M.

Conversely, fix two labels and, against any learner, always answer with one of them different
from the prediction. The resulting binary cut has weight at most W + Dn + M. If the anchors are
separated, the anchor edge and the vertex—anchor edges contribute exactly W + Dn, and the old
graph contributes at most M. If the anchors agree, the total is at most 2Dn +m = W + Dn. This
proves (19).

Set y=W+Dn+B—1. If M > B, then ®,(J) > ~ and the value is at most N —1; if M < B,
then ®,(J) <~ and the value is N. Max Cut is NP-complete (Garey et al., 1976), proving both
hardness orientations. O

Proposition 3.3 does not remove the weights from this reduction: its replacement cliques force
feasible comparators to be constant, but an agnostic response word is unrestricted and need not be
constant on a replacement clique. Binary unweighted hardness is settled separately by Corollary 6.9.
For each fixed ¢ > 3, the complexity of exact evaluation on connected simple unweighted graphs
remains open.

7 Discussion

The theory has two complementary regimes. Under realizability, four layers remain distinct.
Exchange blocks describe pair-specific ambiguity inside the target class. Palette saturation asks
when extra category names stop changing the best attainable score. Policy transfer asks the
finer question of whether a procedure attaining that score survives a change of alphabet. Local
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exploration changes neither the graph nor the target class; it changes only when information can
become available. In the agnostic regime, the graph class becomes a hindsight comparator and
Hamming geometry replaces version-space containment as the organizing principle.

Several contrasts are exact. Fragmentation gives a universal lower bound and an eventual palette
threshold, but Theorem 3.5 shows that the first threshold can be any prescribed palette. The
stabilized tail has one common palette-blind equality-pattern policy schema, yet Theorem 4.6 shows
that every strict palette pair can force optimizer incompatibility, and Theorem 4.2 shows that
equally optimal richer-class policies may realize a complete interval of transfer losses. The exchange
certificate, in turn, approximates the exact tree value within a sharp factor two but can fall short by
a factor |V| on cliques. Thus neither a scalar mistake bound nor a single root certificate captures
the full decision-tree structure. The theta bouquet adds a different obstruction: retaining the same
target class but restricting information order can nearly double its value.

The agnostic results expose a second sharp contrast. Binary deterministic regret is completely
static: it is exactly the Chebyshev radius for every comparator class. Multiclass feedback can instead
improve on the best fixed word by the largest possible factor, and cycles realize a strict palette
jump within the same bounded-cut family. Thus palette effects arise both from the feasible version
space under realizability and from the geometry of the hindsight benchmark without realizability,
but by different mechanisms.

Interpretation and scope

The cleanest operational interpretation is exhaustive verification of a piecewise-constant categorical
graph signal. A vertex is an item requiring review, an edge records spatial adjacency or a trusted
similarity relation, and a mistake is a proposed label corrected upon inspection. On a grid, the
cut budget is a discrete boundary-length bound; on a weighted similarity graph, it bounds the
affinity crossing between categories. Connected-prefix play grows one verified region, while neighbor
anchoring gives every noninitial proposal one-hop provenance in an already verified neighbor.

This idealization is narrower than a deployed annotation or sensing system. The realizable
part assumes a known static graph, exact feedback, a hard cut budget, equal correction costs,
and full coverage; the agnostic part allows arbitrary responses and measures the learner’s excess
mistakes over the best bounded-cut comparator. It contains no unary evidence, reviewer noise,
semantic distance between labels, model retraining, route length, or battery cost. The locality gap is
therefore an information-order lower bound, not a travel-time lower bound. Likewise, palette growth
adds symmetric atomic names; it does not model a hierarchical ontology or semantic distance.
The exchange theorem itself extends to unary Potts terms as noted after Theorem 2.5, but the
later palette and locality constructions should not be read as quantitative claims for arbitrary
unary-augmented systems.

8 Conclusion

Bounded-cut self-directed learning turns a simple graph-cut constraint into two distinct prediction
theories. Under realizability, our results isolate distinct roles for exchange geometry, palette size,
optimizer transfer, and information order; local access can cost almost a factor two. Without
realizability, the same graph family becomes a comparator code: binary regret collapses to a static
Hamming radius, while multiclass feedback can achieve a sharp factor-two advantage. Together, the
results separate the roles of graph structure, palette size, adaptive order, and hindsight comparison
in full-coverage categorical prediction.
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Open problems

Four questions now mark natural boundaries of the theory.

1. A universal locality upper bound. Does every bounded-cut class satisfy Veonn, Vanch <
2mg,? Theorem 5.2 shows that the constant two would be best possible.

2. Best-choice transfer between nonadjacent palettes. For fixed s > r + 2, is A,
unbounded over connected simple unweighted graphs, or does the presence of two fresh labels
impose a finite bound? Theorem 4.6 proves strict failure, but the adjacent amplification uses
the unique fresh label in an essential way. The complete-spectrum family shows why a large
scalar gap alone cannot answer the question: with two fresh labels it may also contain a

perfectly transferring optimum.

3. Treewidth in unweighted graphs. Is ¢y(G,7v) < tw(G) + 2 for every connected simple
unweighted graph? Theorem 3.6 shows that this bound would be sharp for weighted graphs,
but exact unweighted realization does not preserve treewidth.

4. Uniform multiplicative palette growth. For fixed r, how large can the ratio

my41 (G) ’7)
mT(Ga 7)

be over unweighted instances? The additive palette and transfer gaps can be arbitrarily large,
but their current witnesses also make the denominator grow. Fragmentation and spanning-tree
bounds do not determine this ratio.
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A Technical verification for the palette constructions

A.1 Role discovery and selector accounting

We give the query-level details for Lemma 3.4. Whenever a role has already been queried, reuse its
known label instead of issuing another query. Each role-pair bundle has d = 4 discovery midpoints
and T reserve midpoints. For one pair, query a discovery midpoint and call its response A. Predict
A on successive discovery midpoints until either a different response p appears or all four have been
queried. When the endpoint labels are distinct, every midpoint carries one of those two labels. If u
first appears in position j > 2, the first query, the query that reveals p, and the remaining 4 — j
discovery midpoints cost at most

1+1+(4—j)<4

mistakes; the responses A and g identify the unordered pair of endpoint labels. If all four responses
are A\, query both endpoints while predicting A. One endpoint has label A, so this entire scan,
including the possibly mistaken first midpoint, costs at most two mistakes.

Run this routine on the three bundles joining pairs among a1, as, as. If none of the three scans
is exhausted, pairwise intersection of the three unordered label pairs identifies the label at each
role. If a scan is exhausted, querying its endpoints directly identifies and orients that pair, after
which the other pairs can be oriented as well. Now the label of a; is known. For each j > 4, predict
that label on the four discovery midpoints of the aia; bundle. A different response identifies the
label of aj; if all four predictions are correct, query a; while predicting the label of a;. Once a
bundle has identified both endpoint labels, query all of its still-unqueried discovery midpoints; also
query the discovery midpoints in every remaining bundle after its endpoint labels are known. If the
observed pairs cannot be consistently oriented, abandon inference and query every remaining role
directly. Otherwise verify every inferred role. Compare all verified labels before querying any reserve
midpoint. Inconsistent inference cannot occur with distinct roles, so it leads to the collision bound
below. On a distinct-role branch this procedure costs at most d (g) mistakes, and the reserves cost
at most T(g). The total is therefore M = (d + T) (g)

The verification step detects every noninjective assignment before any reserve is used. Suppose
h > 1 role pairs have equal endpoint labels. Every midpoint in an unequal pair contributes at least
L to the cut, for a total of (M — (d+ T')h)L. If e reserve midpoints in equal pairs differ from their
common endpoint label, each contributes 2L. Since the budget is I' + ML and I < L,

o< A+

After the collisions are known, predict their common label on the reserve midpoints of every equal
pair; precisely the e exceptional reserves can be mistakes. Charging every other midpoint, role, and
core query as a mistake gives

T—d)h
M—I—N—I—R—Th—l—eSM—FN—I—R—@

<M+b-1,
which is the strict collision bound used in the main proof.

For the suppression argument, fix the canonical distinct role labels and any feasible core target.
Whenever the released policy queries a midpoint, answer with an endpoint label different from its
prediction; if it predicts neither endpoint label, choose either one. These M choices are independent
Boolean coordinates, so they remain jointly feasible with the fixed roles and with every subsequent
core history, and every midpoint query is a mistake. Feed the fixed role responses to the simulation.
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Deleting its role and midpoint actions leaves a causal fixed-role core policy. Consequently, caps
(u+ M,v+ M) for the released policy would give caps (u,v) for this core policy, because every
complete simulation has already spent M mistakes on midpoints.

A.2 The difficult upper-palette child

We complete the first-action check in Theorem 3.5. Fix the fresh label f. At z, return f if the
prediction was p and return p otherwise; the wrong response leaves a section of value n — 1. At a
block vertex v, answer a prediction other than f by f, set x = f, and vary the other n — 1 vertices
independently between f and their role labels. Because v = f, this is a feasible full (n — 1)-cube.
If the prediction is f and v is the unique vertex of B,, answer p, set * = p, and vary all n — 1
outside-block vertices between p and their role labels.

It remains to verify (8). When d = 0, the two surviving assignments on (z,w) are (p,p) and
(f, f), so their union has value one. Suppose d > 0. A non-f prediction at x is answered by f and
leaves a punctured Boolean cube on d + 1 coordinates, of value d; the same response at w or at
z € Z\ S leaves a full d-cube. An f prediction at x or w is answered by p, again leaving a full
d-cube. Finally, at z € Z\ S, return the role label of z; this is a mistake and leaves Lg .y UUsugzy,
whose value is at least d by induction. Every next action has a wrong child of value at least d,
proving the invariant and the required residual value n — 1.

A.3 The weighted treewidth construction

We supply the arithmetic deferred from Theorem 3.6. First let r > 3. If the center has old label 7,
its block has size s;, and Q leaves disagree with it, direct minimization gives cut cost at least

n—si+Q+2(Q—(n—si))+.

If @ < n —s;, the desired upper bounds are immediate. Otherwise the displayed inequality and the

budget 2n — 1 give
QSFTL—&-—IJ: n—2, s; =25,
3 n—3, s =238.

Predicting p at the center and then copying its response therefore costs at most n — 2: there is
no center mistake when ¢ = p, and at most one otherwise. For equality, fix x = p, vary the n — 5
outside leaves independently between p and their role labels, and allow at most three of the five
remaining leaves to use a second old label. This product class has value (n —5) +3 =n — 2 and
maximum cut cost 2(n —5) +3-3 =2n — 1.

With one fresh label f, if x = f and @ leaves disagree with it, the cut cost is at least n + @, so
the center-copy policy loses at most n — 1. Conversely, the labelings with £ = f in which each leaf
chooses between f and its role label, excluding the all-role word of cut cost 2n, form the punctured
Boolean n-cube of value n — 1. With two fresh labels, a first query at « can be answered by a wrong
fresh label and retain this cube. At a first leaf query, give that leaf and x a wrong fresh label and
vary the other leaves between it and their roles; the maximum cut cost is 1 +2(n — 1) = 2n — 1.
Every first action thus has a wrong child of value n — 1. The center-copy policy makes at most n
mistakes, because a center mistake and n leaf mistakes would cut center edges of total weight 2n.
This proves the fixed-role values n — 2,n — 1, n.

For width two, the role blocks have sizes five and eight, the core budget is 25, and the fixed-
distinct-role values are 11,12,13. Add sixteen selectors, each joined to both roles by weight-L edges
for L > 25, and add 16L to the budget. Distinct roles give an independent binary 16-cube; if the
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roles coincide, at most eight selectors differ from their common label. For two labels, give the two
roles opposite labels. Let the center and two leaves of the five-leaf block copy that block’s role. The
other eleven leaves and the sixteen selectors vary independently between the two labels, while global
interchange of the role labels supplies one additional binary coordinate. This gives a full Boolean
28-cube. Every such assignment has core cut cost at most

8-2+3-3=25,

while the selectors contribute 161, so the entire cube is feasible. Hence mg > 28. Querying the roles
orients them with at most one mistake, so the matching upper bound is 1 4+ 16 + 11 = 28; collision
branches are cheaper.

For three or more labels, use four selectors for discovery and twelve as reserves. Two observed
labels give a candidate unordered role pair. If all four responses coincide, query both roles while
first predicting that label. In a distinct-role branch the combined discovery and identification cost
is at most two; any failure enters the collision bound below. Three observed labels also certify a
collision before any reserve is touched.

After obtaining a two-label candidate pair, postpone verification and run an orientation-free
core policy: choose a label outside the pair, query the center with that prediction, and then copy its
response on every leaf. To account for the later verification, let E/, E' be the core cut costs under
the two candidate orientations, let () count leaf-center disagreements, and let F' count leaves whose
labels lie outside the candidate pair. Direct summation gives

E+FE =4Q+ 13+ F.

With three labels, twelve core mistakes imply @ > 11, so two feasible orientations would give
E + E' > 57> 2-25. With four or more labels, thirteen core mistakes are also impossible under
two feasible orientations: if the center prediction is correct, thirteen leaf disagreements already cost
26 > 25, while otherwise Q > 12 and E + E’ > 61 > 2-25. Thus, if both orientations remain feasible
after the core is exposed, its loss is at most 11 or 12, respectively, leaving one mistake to query one
role, orient the pair, and then verify the other. In a distinct-role branch this verification costs at
most one mistake. If exactly one orientation is feasible, predict it and verify both roles without a
mistake; if neither is feasible, or if any verification fails, use the collision bound below. No reserve is
queried before this verification.

Consequently discovery, verified core play, and the reserves cost at most 4 + 12 + 12 = 28 with
three labels and 4 + 13 + 12 = 29 with four or more. The fixed-role core classes times the selector
cube give the matching lower bounds. In a collision branch, at most eight selectors can differ from
the common role label; charging four discovery queries, both roles, all fourteen core vertices, and
those eight exceptions gives at most 4 + 2 + 14 + 8 = 28. Hence mo = m3 = 28 and ms = 29 for
s > 4.

B Detailed transfer-gadget verifications

B.1 Pooled-star scalar accounting

We verify the two scalar values used in Theorem 4.1, retaining its notation. For the lower palette,
query each center while predicting p and then predict its observed label on every leaf in that star.
Let ¢; and E; denote the number of mistakes and the cut cost in star j. If the center is p, the
n — a outside-block mistakes are cheapest; after they are exhausted, each further mistake costs two
additional units. If the center is another old label, there is one center mistake and the corresponding
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cheap block has size n — b. In the two cases, put respectively (s, ¢) = (a, ;) and (s,¢) = (b, £; — 1).
Direct minimization gives

Ej2(n—s)—l—(W—1)€+2(€—(n—s))+.

Since b = a + W + 1, both cases imply (9). Therefore B +1 = N — 2¢ + 1 mistakes would force cut

cost at least
(W+1)(N=2t+1)—N+at=T+W +1,

contradicting feasibility. The product [] iR supplies the matching lower bound, so m, = B.

For the upper palette, first fix every center to the fresh label f and let every leaf choose between
f and its role label. If F' leaves use f, the cut cost is W N — (W — 1)F. Hence the budget contains
the tail F' > t. Predicting f makes at most N — t leaf mistakes, whereas fixing any t leaves to f
leaves a full (N — t)-cube. This proves the lower bound C' = N —t.

For the reverse bound, query each center predicting f and copy its response on the leaves. Put
dj =n—{;and 0; = Wn — E;. A fresh center gives

oj < (W —1)d;.

For an old center whose matching block has size s € {a, b}, whenever d; < s — 1 direct minimization
gives

E;>W(mn—s)+(W+1)(s—d; — 1), o, <W+1)dj+W+1—-s<(W+1)d; —2.
Suppose at least C' + 1 mistakes occur and put Dy = Zj d; <t—1. Since every d; > —1,
dj<Dy+t—1<2t—2=W—-2<a-—1,

so the old-center estimate applies in every factor. Let P be the set of old-center stars and put
Dp = ZjEP d;. Fresh-center defects are nonnegative, hence Dp < Dy. If P = @, then

Zaj < (W —1)Dy < (W —1).

If P+# @, then Dp — |P| < Dy —1<t—2, and
> o; < (W -1)Dg +2(Dp — |P|)
J
<(W =1)(t—1)+2(t—2)
—t(W —1)—3.

In either case the total cut cost is greater than WN — ¢(W — 1) = I, a contradiction. Thus
myy1 = C.

We also record the residual fact used in the optimizer argument. Fix v € B;, and the response
v=p. For 0 <k <n—a,let Si be the resulting (R; U U;)-section after k outside-block leaves have
additionally been fixed to their role labels. Then

v(Sk)=n—1—k.

For the upper bound, query x;: its p- and f-sections are the corresponding R;- and Uj-sections, each
of value n — 2 — k. For the lower bound, induct downward on the number of unresolved outside-block
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leaves. At such a leaf, answer a non-f prediction by f, leaving a full Boolean cube of dimension
n — 2 — k, or answer prediction f by its role label, leaving Si41. At xj, choose p or f different
from the prediction, again leaving value n — 2 — k. At another leaf of B;,, answer prediction f by
p; the Rj-section contains a full (n — 2 — k)-cube because two fixed p coordinates make its radius
constraint vacuous. For any other prediction answer f; the Uj-section is then an unpunctured cube
of the same dimension. These responses also prove the base case kK = n — a. Every action therefore
has a wrong child of value n — 2 — k, completing the induction.

B.2 The two-role release used for the binary palette

Put 7 = D + 1 and use the fixed-role core from Theorem 4.1 with two prescribed distinct roles and
t = 7. Thus

W=2r, a=W+3, b=2W+4, n=a+b=3W+7, N =mn,
the core budget is ' = W N — 7(W — 1), and its two values are
B=N-2r, C=N-r.

The preceding conflict invariant excludes a common policy with loss caps (C' — 1,C).

Putd=4, K =67 +10,and T = K — d = 67 + 6. Choose an integer L > I', add K selector
vertices, join each selector to both roles by edges of weight L, and raise the budget to I' + K L.
Distinct roles force every selector to use one of their labels, so these selectors are independent
binary coordinates. If instead the roles coincide and e selectors differ from their common label,
then, writing F for the core cut cost, feasibility gives

E+2eL <I'+ KL.

Since F > 0, L > T, and 2e — K is integral, this implies 2e < K. Thus at most K /2 selectors differ
from the common label.

In the binary game, query the first role and query the second while predicting the other binary
label. Distinct roles are oriented with at most one mistake; then use the B-mistake core policy and
arbitrary selector predictions. If the roles coincide, even charging every role and core query as a
mistake gives

24 (N+7)+K/2=N+4+4r+7< B+ K + 1.

Conversely, there is a literal disjoint-block Boolean cube of dimension B + K + 1. In every star, use
all leaves outside B;, and any a — 2 leaves of Bj, as singleton binary coordinates; these give the
B = N — 27 core coordinates. Put the two roles, all centers, and the two remaining B;, leaves in
one block whose two patterns globally swap the role labels. Finally, use each selector as a singleton
coordinate. For either orientation, every assignment to the singleton coordinates lies in || i Ry, and
every selector uses one of its two endpoint labels, so the whole cube is feasible. Hence

my =B+ K+ 1. (20)

For the ternary upper bound, designate four selectors for discovery. Query the first arbitrarily,
call its response A, and predict A on the other three. If a second label p appears, then in a
distinct-role section {\, u} is precisely the unordered pair of role labels. If only A\ appears, the
scan costs at most one mistake; query the first role predicting A. If its response differs, the pair is
known; otherwise query the second role with the same prediction. On a distinct-role branch these
queries cost at most one further mistake. Three discovery labels signal a collision. If a pair has
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been inferred but not oriented, postpone role verification until after the orientation-free core play
below. In every case verify both roles before querying any reserve selector.

It remains to show that orienting a distinct pair fits inside the core allowance. Run the fresh-
center policy, let @) be the number of leaf-center disagreements, let P be the number of old-labeled
centers, and let ' be the number of fresh-labeled leaves. If E, E’ are the core cut costs under the
two possible role orientations, then

E+FE =2WQ+ N+ F.

If the core makes at least C = N — 7 mistakes, then P < 7 and () > N — 27. The two orientations
cannot both be feasible, since

QW(N —2r)+ N —20 = N —27(W + 1) = (W +5) > 0.

Thus orientation ambiguity leaves the one mistake needed to query a role. If verification instead
finds equal roles, discovery, the roles, the entire core, and all exceptional selectors cost at most

d+24+(N+7)+K/2=N+4r+11=B+K+1<C+K.

The resulting ternary policy has loss at most C' + K. Fixing distinct roles, using the value-C core
subclass, and varying all selectors independently gives the reverse inequality, so

m3 =C+ K. (21)

Finally suppose a ternary optimum had binary loss at most C' + K — 1. Restrict to a canonical
distinct-role section and, whenever a selector is queried, return the endpoint label different from the
prediction. The selector cube makes all K responses jointly feasible and forces K mistakes. Suppress
role and selector queries. The induced fixed-role core policy has caps (C' — 1,C), a contradiction.
Combining (20) and (21) gives the asserted scalar gap and transfer loss.

B.3 Separated-palette construction accounting

Retain the notation of Lemma 4.3: the old labels are 1,...,r, with « = 1 and p = 2; anchor A; has
label i; and the role vertices are U; for ¢ # p. In phase I, every U; has its private label ¢; in phase
C, every U; has label p. Put

L =10n, W =2n+2, H = 100n.

Create blocks By, ..., By, with |Bj| = 5 and every other block of size seven. Let Ry = A and
R; = U, for i # 2. Add a center z, a shared tag y, and ordinary tags z1,..., 2,—1, with edges

w(zv) =L+ 1, w(vR;) =L (v e By,
w(zy) =W, w(Uiy) =1, w(yA) =W -1,
w(Uyzj) = H + 2, w(zjA1) =H (1<j<n).

The blocks contain 5+ 7(r — 1) = n leaves. In phase I, every B; is therefore attached to label 7, and
Uy = A1 = u. In phase C, all leaves are attached to p, while U; = p and A; = u. The shared tag y
and the n — 1 ordinary tags are the n tag coordinates used below.

The role-edge system constructed at the end of this subsection will leave the payload allowance

Tr=n(L+1)—1+W =10n>+3n+1
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in phase I, and the allowance
To = (W —1)+ (n— 1)H 4+ 2(n — 1) = 100n? — 96n — 1

in phase C.

We first verify the phase-I profile. Because U; = A; = u, changing any ordinary tag away from
u adds exactly 2H + 2. To see that the budget never permits this change, minimize the cost of the
star together with the shared tag for each possible type of center label:

center label ‘ minimum cost ‘ remaining slack

rT=u L(n —5) 5L+n—1+W
x=i#uold| Lin—7)+W TL+n—1
x fresh nL+W n—1.

The slack is always at most 7L +n — 1 < 2H + 2. Hence every ordinary tag is forced to u.

Now fix an old center label = 4, fix the shared-tag label y, and write ¢; = |B;|. Let d count the
leaves of B; not labeled i. Among leaves outside B;, let e use their attachment label and let ¢ use
neither their attachment label nor 4; all remaining outside leaves use i. After subtracting the base
star cost L(n — t;) and the cost of the shared tag, feasibility is

e+ (L+1)c+ (2L+1)d < t;L+n—1+4, (22)

where the four cases are

W, i =wu and y = u,
—W, i=w and y # u,

0, i #uandy € {u,i},
W, i#wandy ¢ {u,i}.

Predict 7 on every leaf. Replacing a c-type leaf by its attachment label saves L without changing
whether that prediction is wrong, so a loss-maximizing feasible assignment may be taken with ¢ = 0.
All n — t; outside leaves can then use their attachment labels. The right side of (22) is large enough
to take e = n — t;. Moreover, n —t; < 2L + 1, so replacing one costly d-deviation, when necessary,
by all missing cheap outside deviations never decreases the number of mistakes. There is therefore a

maximum with e =n — ¢;. Put
i {ti(L—i—l)—l—i-(SJ
Z‘:

2L +1

The fixed-(x,y) value is at most n — ¢; + k;. This bound is exact: let all outside leaves vary
independently between i and their attachment labels, and let any fixed set of k; leaves in B; vary
independently between ¢ and one fixed alternative label. For ¢; = 5, we have k; = 2 for both possible
values of §; for t; = 7, we have k; = 3 for 6 € {0, —W}. Thus the fixed-(x,y) value is n — 3 when
x = u and n — 4 for every other old center.

For x = u, the same (n — 3)-cube survives for y = u and for one alternative tag label. For
x =1 # u, the same (n — 4)-cube survives for y = v and y = i. These two choices of y add one
independent Boolean coordinate; querying y gives the matching upper bound. Hence, when y is not
fixed,

observed center label ‘ U 1#£u

residual value ‘ n—2 n-—3.

Querying x and predicting « now gives the phase-I lower-palette upper bound n — 2, and the x = u
section gives equality. Thus the phase-I lower-palette value is a = n — 2.
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If z = f is fresh, let ¢ leaves equal f and let h use neither f nor their attachment label. Their
star cut cost is n(L + 1) —t + Lh. After reserving the minimum shared-tag cost W, feasibility forces
h =0 and t > 1. These conditions are sufficient when y € {u, f}, so the leaves form a punctured
Boolean n-cube of value n — 1. The shared tag can have only label v or f: a third label raises its
cost from W to 2W, but W > n — 1. For either allowed tag label the leaf class is the same, so the
shared tag is an independent Boolean coordinate. The fresh-center section consequently has value n.

For the response sections used in the conflict table, put A =T — W =n(L+1)—1. Ify = f is
fixed fresh, then x = f leaves the punctured Boolean n-cube. Any other fresh center has tag cost
2W and therefore leaves star allowance

A—W=nL—n—3<nlL,

below the least possible fresh-center star cost. The old-center formula bounds all remaining children.
Querying x while predicting f gives the upper bound n — 1, and the x = f child gives equality.
Hence the whole y = f section has value n — 1.

Now fix y = u and suppose s > r + 2, so at least two fresh labels are available. Forced ordinary
tags carry no information and may be ignored. At a center query, return a fresh label different from
the prediction and retain a punctured Boolean n-cube on the leaves. At a leaf query, return such
a fresh label, give = that label, and retain a full cube on the other n — 1 leaves. Either response
causes a mistake and leaves residual value n — 1. This proves a lower bound of n; querying = and
using the fixed-center bounds gives the reverse inequality. Thus the y = u section has value n. For
any other old value of y, fresh centers are infeasible and the preceding old-center calculation bounds
the section by n — 3. Querying y while predicting u therefore proves that the phase-I upper-palette
value is ¢ = n.

Finally, fix a fresh response at a leaf v. Setting x = f leaves a full cube on the other n — 1 leaves,
while y remains the independent choice between v and f. This section has value n, as required for
the block-vertex row of (13); other center labels are bounded as above.

We next verify phase C. With z, every leaf, and every tag labeled p, the tag cost is

Biag= (W —=1)+(n—1)H,  Tc = Big+2(n—1).

If x = p, changing one leaf away from p adds 2L 4+ 1 > 2(n — 1), so no leaf can change. If x # p, the
star costs at least nL; changing the shared tag can save at most W — 2 from Bi,g, and

nL — (W —2)>2(n-—1).

Thus x and every leaf are forced to p. Relative to By,g, the shared tag has increments 0,2, W 41 at
p, u, and any third label, respectively; an ordinary tag has increments 0, 2, H 4+ 2. Consequently the
feasible tag words are exactly {p,u}™ \ {«"}. This punctured Boolean cube has value b = n — 1.
Fixing one tag to p leaves a full (n — 1)-cube, still of value b, whereas fixing it to u leaves a punctured
(n — 1)-cube of value n — 2. This proves the phase profile and every phase-C' entry in (13).

It remains to isolate the phases. Put m = r — 1 and let

E.=nQ2L+1)+2W + (n—1)(2H +2)
be the total payload edge mass. Define
K =2(T¢ + 1),
By=K(m-1)+E,+Tc+ (Tc —T7) + 1,

Km-1) Tr—1T¢
+ .
2 m

Ao = By +
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Here n =7r —2 > 19, so
Te — T = 90n? — 990 — 2 > 0.

For every i # 2, add U; A; with weight Ay and U; Ay with weight By, and join every pair of role
vertices by an edge of weight K. Set

m

S[:mBo+K(2

>, Sc = mAoy, O=8S+T1r=5Sc+1¢c.

These are positive rational weights. In particular, By > 0, and, because K/2 = T¢ + 1,
m(Ap — Bo) = Te(m(m — 1) — 1) + Ty + m(m — 1) > 0.

Only Ag can be fractional. All calculations below use this rational normalization. After the
verification, multiplying every edge weight, ©, and hence the two payload allowances by 2m clears
all possible denominators and gives positive integers without changing the feasible class. A coherent
assignment with j private roles has role cut cost

Sj=jBo+ (m—j)Ag+ K [(;) +j(m —j)}
. . %
— L5+ <1 - ‘7> Sc+ —j(m—j).
m m 2
Consequently

@—Sj:;TjﬁL(l—T]n)TC—2j(m—j)<0 (0<j<m).

Indeed, the convex combination of T and T is at most T, whereas

Lim =) = (To + )jlm —§) > To +1.
Thus © — S; < 0 whenever 0 < j < m, and every mixed coherent phase is infeasible.

It remains to exclude assignments in which some role uses neither its private label nor p. Let J
be the set of such roles and put & = |J| > 1. Relabel every U; with i € J as p, leaving all payload
labels fixed, and call the resulting labeling h. Each replacement removes the By contribution of
U;Asg, leaves U;A; cut, and can add at most K(m — 1) on role-role edges. Writing C\e for the
contribution of the anchor and role-role edges, we obtain

Crote(h) — Crole(h) > k(By — K(m —1)).

Changing the role labels can alter the payload cost by at most its total edge mass .. The roles of h
are coherent and include at least one role labeled p. Their role cost is therefore at least So = © — T
phase C attains this value, while every mixed coherent phase already exceeds ©. It follows that

Ca(h) > Sc + k(By — K(m — 1)) — E,
>0 -Tc+ (Ex+Tc+ (T —Tr) + 1) — E,
=0+ (Tc—T7) +1> 6.

Thus every noncoherent role assignment is infeasible. The feasible class is exactly the union of phase
I with allowance T7 and phase C' with allowance T, completing the technical verification.
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B.4 Exact exhaustive computation for the universal binary construction

The graph J, in Lemma 4.5 consists of two copies of one petal sharing only the vertex o, with total
budget 200000. A petal has vertices o,t, a, b, ¢, d, e and the following weighted edges; omitted pairs
are nonedges.
edge | weight edge | weight edge | weight
oa | 39998 oc | 28572 od | 28572
oe 5714 ta 34285 tb 48571
tc 2856 te 17144 ab | 20001
ae 8572 bc 48572 bd | 82858
cd 14284 ce 8572 de 74288

Fix the label of 0 and denote it abstractly by digit 0. In vertex order (¢, a,b,c,d,e), the feasible
equality partitions of one petal have representatives
B = {000000, 000001, 000011, 000100,001111, 010000, 100000,
100001, 100100, 101011, 101111, 110000, 110001,
111000,111011,111100, 111111},
T ={101211,102222,111211,112222,120000, 121111}.

Here B is the complete list of feasible binary representatives. For g € {2,3,4}, replace the nonzero
digit in each nonconstant pattern of B by any of the ¢ — 1 nonzero labels, and replace digits 1, 2
in each pattern of 7 by any ordered pair of distinct nonzero labels. Together with the constant
pattern, these are all feasible labelings.

This list is checked without numerical approximation: generate all set partitions of the seven
named vertices, and for each partition sum exactly the printed integer edge weights crossing its
blocks. Precisely these twenty-three partitions have cost at most 200000; the smallest omitted cost
is 200002, and the smallest retained nonconstant cost is 102856. If P, denotes the one-petal class
conditioned on the label of o, its sizes are consequently 17,45, 85 at palettes two, three, and four.

For completeness, the Bellman computation can be reproduced directly. A state is a pair (S, R),
where S is the subset of listed labelings consistent with the history and R is the set of unqueried
coordinates. With V (S, @) = 0, evaluate for increasing |R|

V (S, R) = min mi 1 V(Sy—s, R .
(S, R) = migmin _ max (1{p # 2} +V (S, R\ {z})

This exact integer recurrence gives

q ‘ [Py ‘ v(Py) | t-section values ‘ a,b,c,d, e section values
2 17 | 2 1,2) 2,2)

3| 45 | 3 (1,3,3) (2,2,2)

4l 85 | 3 (1,3,3,3) (2,2,2,2)

where each tuple is ordered by the possible response label and the last column applies to each of
the five listed query vertices.

Since two nonconstant petals cost more than the global budget, a feasible target is constant or
has exactly one active petal. The full class therefore has size (1 4+ 2(|P4| — 1)). Applying the same
recurrence to these thirteen-coordinate classes gives

‘ \Hg%)oooo(J*M ‘ mg(Jx, 200000) ‘ bi, ci, d;, e; sections ‘ all other live sections

q
2 66 3 (2,2) (3,3)

3 267 4 (3,3,3) (3,3,3)
4 676 4 (3,3,3,3) (3,3,3,3)
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for either petal i € {1,2}. Thus the graph, feasible partition list, recurrence, and both exact output
tables are printed here.

The certificate is archived on Zenodo as version v1.0.3 (Zhou, 2026); the reference also links its
GitHub repository. The script requires Python 3.10 or later, uses only the standard library, and
performs exact integer arithmetic.

The script checks the displayed binary and ternary representative lists, verifies the three cut
cost extrema and every entry of both profile tables by the displayed Bellman recurrence, and
independently checks all four common-policy incompatibilities. In those coupled checks, each
response subtracts the immediate mistake from both remaining loss caps; the caps are carried into
the recursive call, not reset to the scalar values of the residual classes.

After downloading and unpacking the archived release, reproduce these checks by running the
following command from the directory containing the script:

python3 binary_nonadjacent_certificate.py

This exhaustive computation is used only in Lemma 4.5. Among the later headline results, only
the case r = 2 and s > 4 of Theorem 4.6 depends on that lemma.

C The transfer-spectrum seed

This appendix supplies the fixed-role calculation used in Theorem 4.2. The role-release and
unweighting steps are already proved in Lemma 3.4 and Proposition 3.3.

Proposition C.1 (Fixed-role transfer-spectrum seed). Fiz integers r > 3 and g > 1. Prescribe
distinct labels 1,...,7r on role vertices ay,...,a,, and distinguish p € [r]. Add a live center x and
disjoint leaf blocks By, ..., B, with

|Bp| =29 + 1, |Bil =29+3 (i #p), n=r(2g+3)—2.

For each v € B;, give xv weight n + 1 and va; weight n, and use budget T' = n(n + 1) — 1. Let
X ={z} U, Bi, and let Cy, be the trace on X of the k-label budget class under the prescribed roles.
Thus | X|=n+1. Putb=n—g—1. Then

v(C,) = b, v(Cry1) =mn —1, v(Cs)=n (s>r+2).
If Lg (A) = maxpec, M (A, h), then

(LE(A) LS (A) =n—1}={b+1,b+2,...,n— 1},
(LS(A) - LS(A) =n} = {b,b+1,...,n}  (s>7r+2).
Proof. We first compute every center section. Fix an old center response x = i and write t; = | B;|.
Relative to the all-¢ assignment on the leaves, let by count vertices outside B; that retain their role

label, let ¢y count those using neither ¢ nor their role label, and let d count non-i vertices in B;.
Direct summation of the two incident edge costs shows that feasibility is equivalent to

bo+(n+1)co+ (2n+1)d <n(t;+1) — 1. (23)

Predicting 7 on every leaf makes by + cg + d mistakes. The inequality implies by + ¢g < n — t; and
d < [t;/2], so the section value is at most

el
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For equality, let every outside-block vertex independently choose between ¢ and its role label, and let
any fixed [t;/2] vertices in B; independently choose between i and a second old label. Equation (23)
makes this a feasible full cube of the displayed dimension. Hence the distinguished old section has
value b, and every other old section has value b — 1.

Let f be fresh and fix x = f. Starting from the all-role assignment on the leaves, suppose t
leaves change to f and u leaves use neither f nor their role label. Their cut cost is

nn+1) —t+ nu.

Thus feasibility is exactly « = 0 and ¢ > 1. The section is the punctured Boolean n-cube and has
value n — 1. Querying = and predicting p proves v(C,) = b; predicting f proves v(Cry1) =n — 1,
and the corresponding center sections give the matching lower bounds.

If s > r 4 2, every first action has a wrong-response child of value n — 1. At x, choose a
fresh response different from the prediction and retain the punctured Boolean n-cube. At a leaf,
return such a fresh label, give x the same label, and let all other n — 1 leaves vary independently
between that label and their role labels. Conversely, query = while predicting a fresh label. Every
fresh-response section has value n— 1, and every old section has value at most b. Therefore v(Cs) = n.

We next exclude restricted loss b from an adjacent-palette optimum. Put O = |J; 4p Bi- After ¢
queried vertices of O have returned their role labels, each response having caused a mistake, the
remaining lower and upper loss allowances are b — ¢t and n — 1 —¢. Retain two classes. For each
choice of g vertices of B, the lower class contains the full cube obtained by fixing = p, varying
every remaining vertex of O between p and its role label, and varying the chosen vertices of B,
between p and a second old label, with all other vertices of B,, fixed to p. Each such cube L; has
value b — t; the actual lower version space contains all these choices. In the upper class, fix ¢ = f, let
every remaining block vertex choose between f and its role label, and remove the all-role assignment.
This is a punctured Boolean cube U; of value n — 1 —t.

Suppose one policy were to meet the two caps (b,n —1). An old-label prediction can be answered
by f without lowering the upper residual value. Predicting f at x can be answered by p without
lowering the lower value, and the same is true at a vertex of B),: choose a retained cube whose g
varying coordinates omit that vertex, and return p. No vertex of B}, has yet been queried, so this
choice is available. Each response is a mistake and therefore violates the corresponding tight cap.
The only temporarily viable action is to query an unqueried v € B;, ¢ # p, and predict f. Return i;
this mistake lowers both cube values by one and recreates the same state with ¢t replaced by t + 1.
Once O is exhausted, no viable action remains. Thus no adjacent upper optimum has restricted loss
b.

It remains to realize every other loss. For 0 < j < g — 1, query x and predict f. In the branch
x = p, query j prescribed vertices of B, predicting f each time, and then continue optimally; use
optimal section policies in every other branch. The p-branch costs at most 14+ j+b < n —1, and the
fresh branch has value n — 1, so the policy is (r + 1)-optimal. On an r-label target, its loss is exactly
b+ 1+ j: answer p on the j sacrificial queries and retain the b-cube from the distinguished old
section. There are enough untouched vertices because |Bp| — j > g + 2. The general scalar bounds
and the preceding incompatibility exclude every other restricted loss, proving the first spectrum.

Finally let s > r + 2. Querying x and predicting p, followed by an optimal section policy, is
s-optimal and remains r-optimal, giving loss b. Alternatively, predict a fresh label at x and make
7 =0,...,g sacrifices in the p-branch. A different fresh response at = costs one mistake and leaves
a section of value n — 1, so every such policy remains s-optimal. The same retained cube makes its
exact restricted loss b+ 1+ j; now |B,| —j > g + 1. These policies fill every integer through n, and
scalar optimality excludes all others. O
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For reference, here | X|=n+1, R=r,and b=n — g — 1, so Lemma 3.4 uses
T=4+2(X|+R—b+1)=2r+2g+ 10, M:(4+T)<;> :(2r+2g+14)<;>

midpoint vertices on this core. It translates every scalar and restricted loss in the proposition by M
before the simple-unweighted realization.

D Proof of the agnostic path-completion lemma

Proof of Lemma 6.7. We begin with a simple strategy used repeatedly. If a path has distinct
endpoint labels ¢ # d and m internal vertices, answer every query with a member of {c, d} different
from the prediction. Choose ay € {c¢,d} that occurs most often among the internal responses
(arbitrarily if m = 0), and let h assign ag to every internal vertex. Then d(y,h) < |m/2]|, and h has
exactly one bichromatic edge.

We next prove the two critical lengths. Let ¢ = 2a + 2. If both endpoints have label ¢, fix
d # c and answer from {c, d}, always incorrectly. If at most a responses are d, use ¢ throughout the
comparator; if at most a are ¢, use d throughout the interior. Otherwise each response count is
a + 1; use c internally except at one position whose response is d. In every case the comparator
differs from the response word in at most a positions and has at most two bichromatic edges.

Now suppose the endpoint labels are ¢ # d, and choose e ¢ {c,d}. At the first query, let L, R be
the numbers of remaining internal vertices on its two sides, so L + R = 2a + 1. If the prediction is
not e, answer e and use the distinct-endpoint strategy on both sides. Since L and R have opposite
parity, the number of Hamming disagreements is

412

and there are two bichromatic edges. If the prediction is e, suppose L = 2u and R = 2v + 1, and
answer c. Answer later on the left from {c,e} and on the right from {e,d}. Let z € {e,d} be a
majority response on the right. If the left has at most u responses e, use comparator label ¢ on
the left and at the first queried vertex, and z on the right. Otherwise the left has at most v — 1
responses c¢; use e on the left and at the first queried vertex, paying one Hamming disagreement
there, and use z on the right. Both choices use at most u + v = ¢ Hamming disagreements and two
bichromatic edges. The case in which L is odd is symmetric.

Let next £ = 2a + 3. With distinct endpoint labels, answer from those two labels. If the minority
response count is at most a, use the majority label throughout the interior. Otherwise the counts
are a + 1 and a + 2; use the majority label except at one minority occurrence. This uses at most
a Hamming disagreements and creates at most three bichromatic edges. With equal endpoints
¢, ¢, answer the first query with a label z different from both ¢ and the prediction. The two side
lengths have the same parity. If both are odd, apply the distinct-endpoint strategy on both. If they
are 2u, 2v, where u + v = a + 1, choose a side with positive half-length, say the 2v side. Use the
elementary distinct-endpoint strategy on the 2u side, at distance at most v and with one bichromatic
edge, and use the ¢ = 2(v — 1) + 2 critical construction on the 2v side, at distance at most v — 1 and
with at most two bichromatic edges. If u = 0, the first side contributes only its boundary edge. The
total distance is at most a and there are at most three bichromatic edges.

We finish by strong induction in the following strengthened form. For a positive subpath with
m internal vertices and endpoint labels ¢, d, and for every integer 0 < a’ < K(m;e¢,d), there is an
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all-wrong strategy whose comparator is within distance o’ and has at most m — 2a’ bichromatic
edges, where

(m—=1)/2), c#d

'mmm@:{um—mMchd

The elementary distinct-endpoint strategy covers m = 2a’ + 1 when the endpoints differ. The two
critical constructions cover m = 2a’ + 2 and m = 2a’ + 3 for either relation between the endpoint
labels. These include every admissible case with m < 2a’ + 3; the remaining cases have m > 2a’ + 4
and follow by the induction step below. Assume ¢ > 2a + 4, and first suppose that the learner’s first
query leaves positive side lengths L, R. Write ¢, d for the outer endpoint labels. For a proposed
wrong response z, used also as the comparator label at the queried vertex, the total available
allowance on the two sides is

B—-1{Lisodd, z =c} —1{Ris odd, z = d},

L-1 R-1
-5 )

If L, R have opposite parity, then B = ¢/2 — 2 > a; choose a response different from the prediction
and from the outer endpoint of the odd side. If both are even, then B = (¢ — 5)/2 > a and there is
no penalty. If both are odd, then B = (¢ —3)/2 > a+ 1. For equal outer endpoint labels, avoid that
label and the prediction. For distinct outer labels, any wrong response incurs at most one penalty;
if a side has length one, also avoid its outer endpoint. At most two labels are excluded in every
case, so ¢ > 3 makes the choice possible.

Choose nonnegative allowances ar,ar with ar, + agr = a within the two available bounds, and

run the two inductive strategies, interleaving them as the learner requires. Their distances add to
at most a, and their numbers of bichromatic edges add to at most

where

(L—2ar)+ (R—2ag)=0—1-2a </{—2a.

If the first query leaves one side empty, give any wrong response, count its boundary edge, and
apply induction with allowance a to the other side, whose length is £ — 1 > 2a + 3. The total is at
most 1+ (£ —1—2a) = ¢ — 2a. This completes the induction. Since ¢ > 2a + 2 implies a < K (¢;¢,d)
for either relation between the endpoint labels, the strengthened statement proves Lemma 6.7. [
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